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Abstract 

We consider the polynomial representation of Double Affine Hecke Algebras (DAHAs) 
and construct its submodules as ideals of functions vanishing on the special collections 
of afhne planes. This generalizes certain results of Kasatani in types An, (C^, C„). We 
obtain commutative algebras of difference operators given by the action of invariant 
combinations of Cherednik-Dunkl operators in the corresponding quotient modules of 
the polynomial representation. This gives known and new generalized Macdonald- 
Ruijsenaars systems. Thus in the cases of DAHAs of types An and (C^, Cn) we derive 
Chalykh-Sergeev-Veselov operators and a generalization of the Koornwinder operator 
respectively, together with complete sets of quantum integrals in the explicit form. 
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1 Introduction 

The main goal of this paper is to obtain commutative algebras of difference operators con- 
taining generalizations of Macdonald-Ruijsenaars operators using special representations of 
double affine Hecke algebras (DAHAs). In the work [1] the Macdonald-Ruijsenaars opera- 
tor related to the root system R = Ai\i_i appeared as the relativistic version of quantum 
Calogero-Moser system, this operator has the form 

i=l i=l 

where T^. = e^^^» is the shift operator and t], h are parameters. Macdonald derived and 
considered operator (11. ip and its generalizations for any root system and (quasi-) minuscule 
coweight in the context of multi- variable orthogonal polynomials [2.J- Commutative algebras 
of difference operators containing the operators constructed by Macdonald were realized 
by Cherednik with the help of his DAHA and its polynomial representation [21 S]. These 
algebras are centralizers of the Macdonald-Ruijsenaars operators in the algebras of Weyl- 
invariant difference operators [5]- The whole area of DAHA is a very rich mathematical 
subject with deep connections and interactions with combinatorics, theory of (quantum) 
symmetric spaces, representation theory, noncommutative geometry [6]. 

The first generalization of the Macdonald-Ruijsenaars operator which is not directly 
associated to a root system was found by Chalykh [7] . The operator is a difference version of 
the Hamiltonian which describes interaction of the system of Calogero-Moser particles of two 
possible masses [8j. The approach of [7j (see also j9j) is based on the multidimensional Baker- 
Akhiezer functions, in this case all but one particles have equal masses. The generalization 
of Chalykh's operator to the system of Ni + N2 particles of two types was introduced by 
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Sergeev and Veselov [TO], the corresponding operator has the form 



e ' — e 

i=l i=i £=1 



_ 1 Jl^^ i^L pVi — p^i+v ^ pVi _ pVm+h 

+ r iX^TTr r TT r r 7-^ (12) 

— I ^—^ i-i- — e^* e^^ — e^'" yi ^ > 



=1 i=l ™=l 



In the work [10] the operator (11. 2p was obtained from the action of the Macdonald-Ruijsenaars 
operator (11 .ip extended to the space of symmetric functions in the infinite number of variables 
with subsequent restriction of the operator (II. ip to the special discriminant subvariety. Fur- 
ther rational generalized Macdonald-Ruijsenaars operators were derived in [TT], [12] starting 
from the generalized Calogero-Moser systems and using the bispectrality. 

In the present work we develop a uniform approach to the generalized Macdonald- 
Ruijsenaars systems based on the special representations of DAHAs. DAHA can be as- 
sociated to any affine root system [2]. The main cases are DAHA of type R and of type 
i?^ where i? is a reduced irreducible root system, R is its affinization and i?^ denotes the 
dual affine root system (see Cherednik's papers [13] and [3] respectively), and DAHA of type 
(C^,Cn) (see [H], [IS]). The original Cherednik's construction [3l [13] allowed to obtain 
Macdonald-Ruijsenaars systems for any root system R from the polynomial representation 
of the corresponding DAHA. The difference operators from the commutative algebra are ob- 
tained by the averaging of the Cherednik-Dunkl operators over the Weyl group with subse- 
quent restriction of the result to the space of invariant polynomials. In [13] Noumi generalized 
the construction for the (C^, C„) case which allowed to obtain commutative algebra contain- 
ing the Koornwinder operator [16]. In order to obtain generalized Macdonald-Ruijsenaars 
systems we first specialize DAHA-invariant ideals in the polynomial representation, these 
ideals consist of functions vanishing on certain collections of planes. Then the action of the 
invariant combinations of Cherednik-Dunkl operators is defined on the functions on these 
planes. Upon restriction to Weyl group invariants we obtain commutative algebras of dif- 
ference operators. In this way we recover operator (II. 2p (under assumption that h/r] G Z) 
for the case of DAHA of type A and derive further known and new generalized Macdonald- 
Ruijsenaars operators starting from other root systems. Similar approach to the generalized 
Calogero-Moser systems was developed by one of the authors in [T3|. It is based on finding 
special ideals invariant under the rational Cherednik algebras with subsequent restriction of 
invariant combinations of Dunkl operators thus generalizing Heckman's construction of the 
usual Calogero-Moser systems jlSj. 

The idea to describe submodules of the polynomial representations of DAHAs by van- 
ishing conditions was very successfully used by Kasatani in [19j, [20j (see also discussion in 
the introduction of [21J where the polynomial representation is studied from another per- 
spective). Thus in the work [19] a filtration of the polynomial representation in type A 
by the ideals given by vanishing ("wheel") conditions was introduced so that it provides 
composition factors of the polynomial module (see also [22]). The paper [20] deals with the 
polynomial representation of DAHA associated to the affine root system (C^, C„). Ideals in 
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the ring of symmetric polynomials invariant under the Macdonald-Ruijsenaars operator (11.11) 
were earlier defined by wheel conditions in [23]. 

The structure of the paper is as follows. In Section [2] we recall Cherednik's construction 
of the commutative algebra of difference operators using DAHA of type R. In Section [3] 
we introduce arrangements of planes V corresponding to subsystems Sq in the root system 
R and we define ideals of functions Iv vanishing on these planes. Our first main result 
(Theorem 13.31) states that for the special geometry of the subsystem 5*0 and for the related 
choice of parameters for DAHA the ideals It> are DAHA-invariant. The arising arrangements 
V are shifted versions of the linear arrangements appearing in the study of invariant ideals for 
the rational Cherednik algebras [T7]. In Subsection 13.41 we construct further invariant ideals 
given by vanishing conditions where we allow parallel planes. This generalizes construction 
of such ideals for DAHA for classical root systems from [191 ED] . 

In Section m we present our next main result (Theorem l4.ip which explains how commuta- 
tive algebras of difference operators arise in the quotients of the polynomial representations 
by the above ideals /©. We show in Subsection 14.21 that these algebras contain complete 
sets of algebraically independent operators. We verify in Subsection 14.31 that in type A we 
obtain operators (11.21) . We also construct explicitly a complete set of commuting operators 
for (II. 2p (Theorem 14.51) . We consider further examples illustrating the approach in Subsec- 
tions 14. 4[ 14. 5[ Thus we demonstrate that starting from the Macdonald operator of type B 
we obtain trigonometric version of the operators known from [12], [H]. Subsystems in the 
exceptional root systems provide new families of commutative algebras, we demonstrate this 
by getting a restricted operator starting from the Macdonald operator for the root system 
R = Fi. 

In Section [5] we extend our constructions for the (C^,C„) DAHA. We specify invariant 
ideals in the polynomial representation by imposing vanishing condition on suitable arrange- 
ments of planes (Theorem 15.21) . These submodules correspond to the intersections of the 
submodules investigated in [20]. We introduce generalized Koornwinder operator and de- 
rive it as a restriction of the Koornwinder operator in Propositions 15. 4[ 15.51 This operator 
depends on six parameters like the original Koornwinder operator, and also it reflects that 
there are interacting particles of two types. Although the restriction construction imposes 
some integrality relation(s) on the parameters we show that the operator can be embedded 
into a large commutative algebra of difference operators for any values of the parameters. 
In Theorem 15.71 we flnd a complete set of quantum integrals in the explicit form. This 
generalizes van Diejen's quantum integrals for the Koornwinder operator [30] . 

In Section [6] we present our constructions for DAHA of type i?^ [3] . The invariant ideals 
are specifled in Theorem 16. 1[ 

Acknowledgements. We are grateful to M. Noumi, J. Stokman and A. P. Veselov for 
stimulating discussions. We are very grateful to J. Shiraishi for interesting discussions which 
led us to Theorem 14.51 The work of both authors was supported by the EPSRC grant 
EP/F032889/1. M.F. also acknowledges support of the British Council (PMI2 Research 
Cooperation award). The work of A.S. was partially supported by the RFBR grant 09-01- 
00239-a. A.S. also thanks LAREMA and Department of Mathematics of the University of 
Angers for the hospitality during the visit. 
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2 Macdonald-Ruijsenaars systems from DAHA 



In this section we recall the construction of the Macdonald-Ruijsenaars systems from the 
Cherednik-Dunkl operators. We consider here DAHAs of type R (other cases will be con- 
sidered in Sections El El and Appendix |A]). Following [THl IH El 121] we define DAHA for the 
R case, then we define the Cherednik-Dunkl operators as elements of DAHA acting in the 
polynomial representation and describe the Macdonald-Ruijsenaars systems in these terms. 

2.1 Double AfRne Hecke Algebra 

Let R C M" C = C" be an irreducible reduced root system of rank n. Let (■, ■) be the 
standard bilinear symmetric non-degenerated form in V and let = 2/3/(/3,/3). We have 
G Z for all a,/3 E R. Consider the orthogonal reflections Sa corresponding to the 
roots a E R, they act on x G as Sa{x) = x — (a;,x)a^. The group W generated by the 
orthogonal reflections Sa, a E R, is a Weyl group. 

Let be a set of positive roots and A = . . . , a„} C -R+ be the set of simple roots. 
The reflections Sq,^, . . . , Sa„ generate the Weyl group W. Let us introduce lattices of coroots, 
of coweights and of weights: 

Q^ = 0" Za^, P^ = 0" Z6„ P = 0" Zu;„ (2.1) 

where 6j and Ui are fundamental coweights and fundamental weights: 

{tti, bj) = 5ij, {ui, aj) = 5ij. (2.2) 

Introduce also the subsets of dominant and anti-dominant coweights: 

Pl = {XeP'' \ (a, A) ^ 0,Va G = {X E P'' \ (a, A) ^ 0,Va G R+}. 

Let V be the space of affine functionals on V. Each functional a E V acts on x E V 
as a{x) = {a^^\x) + a^^\ where a^^^ E V and G C, we write a = [a^^\a^^^] in this 
case. The roots E R can be considered as elements of V acting as 7(x) = (7,0;). Define 
the bilinear form on the space V by the formula (a,/3) = (a^^-*, Z?'-"'^^), where a = [a^^\a^'^^], 
/3 = and a- = = [(J?^, (J^] for any a = G V. 

The reflection Sa corresponding to a = [a*^^-', G is the following affine map: 
Saix) = X — a(a;)(a*^^^)^. It is the orthogonal reflection with respect to the hyperplane 
H{a) = {x E V \ a{x) = 0}. The action Sa on V induces the action on V given by the 
formula Sa{(3) = (3 — {/3, a'^)a, where a, (3 E V. 

Let h E C he a non-zero complex parameter. Introduce the functional ao = [—6,h], 
where 6 E R is the maximal root for R with respect to the basis A. For A G denote by 
r(A) the shift operator r(A)x = x + h\, Vx G V. 

Affine Weyl group W is generated by the reflections Sa, with a = [a*-^-*, 0;'-°^] such that 
G R and G hZ. The set R = {[a^^\ hk] \ a^^) G P, A; G Z} is the affine root system 
corresponding to the root system R [25]. The group t{Q'^) is a normal subgroup in W and 
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W = W t< t{Q'^). The group W is generated by the reflections sq, si, . . . , s„, where Si = s^. 
for i = 0, 1, . . . , n, (see [2Ql). The subset A = {ao, ai, . . . , C -R is a basis of V called the 
set of afiine simple roots. For ^ i, j ^ n, i ^ j we denote by rriij = rriji the order (finite or 
infinite) of the element SiSj G W. 

Extended affine Weyl group is defined asW = W \>i t{P'^) with the commutation relations 
wt{X) = t{w\)w, where w G W, X G P^. The action of the group W on V induces the 
following linear action on the space V: 

WT{X){a) = [w{a^^^), - n(««, A)], (2.3) 

where w; G PF, A G P^, a = [a^^\a^^^]. ^ 

Let n = {vr G I vrA = A} C be a subgroup of elements preserving the set of 
simple affine roots. Then W = U \k W. The group 11 is finite: 11 = {vTr | r G O}, where 
O C {0, 1, . . . , n} and each element is uniquely determined by the condition TCriao) = a^- 
They have the form ttq = 1, tt,. = T{br)u~^ for r G O', where O' = O\{0} and & W 
are transformations preserving the set {— 6', ai, . . . , and satisfying Ur{ar) = —9. The 
corresponding fundamental coweights bj. form the entire set of minuscule coweights, that is 
{6, I r G O'} = {A G P^ I ^ (a,A) ^ l,Va G R+}. 

Let P = {fi = Ifi'^^^ fi^'^^] I /i^^) G P, /i*^*^^ G ^Z} C V, where eo is an integer such that 
(P, P"^) C e^^Z. We consider the weight lattice P as a sublattice of P. Now we define DAHA 
corresponding to the affine system R. Let t: R C\{0} be a ly-invariant function on R, 
that is = for al\ (3 E R, w E W, where we denote tp = t{(3). We also denote ti = 
for i = 0,1, ... ,n, these values uniquely determine the function t. Let q = e^^"^. We will 
assume that h ^ niQ, so q is not a root of unity. 

Definition 2.1. ([I3], see also [2l])- Double Affine Hecke Algebra (for R case) is defined 
as the algebra 7Ht = T^ht generated by the elements Tq,Ti, . . . ,Tn, by the set of pairwise 
commuting elements {X^}^p, and by the group U = {tTj. | r G O} with the relations 



X^X^' = G P; (2.4) 

= q^' = V = [0, hs] G P, s G 6^% (2.5) 

(T,-t,)(T, + tri) = 0; (2.6) 

TiTjTi . . . = TjTiTj . . ., a i j and mjj < oo; (2.7) 

m^j factors rriij factors 

TTrTiTc:^^ = Tj, if iTr{ai) = aj, r e O; (2.8) 

Tr'X'^Tr'=X'^--', if{fi,a^) = l, G P; (2.9) 

TiX^" = X^'Ti, if (/i, a^) = 0, G P; (2.10) 

tt.X^tt;! = r G O, /i G P; (2.11) 



where i,j = 0,l,...,n. 
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Note that the generators Tq, Ti, . . . , T„, X^, TCr of the algebra 7Ht are invertible elements. 
We define an element Ty^ G 7Ht for each element w & W according to its reduced expression: 

= TTrTi^ .. .Ti^, for W = TTrSi^ " " " Sj,, (2. 12) 

where / = l{w) is the length of w G W: l{w) = \R^ fl wR+\, where -R+ = —R- = R+ U 
{[a, hk] \ a E R, k E Z>o}- In particular, T^^ = Tir and T,- = Tj. For w,v E W one has the 
relation 

Tiju, = TijT^, if l{vw) = l{v) + /(w). (2.13) 

Since for the fundamental coweights we have /(r(6j + bj)) = /(r(6j)) + l(T{bj)) it leads to 
T^(^.-)TT-(b ) = T^(6.)TT-(b-) for all = l,...,n. Let us define the commutative family of 
elements for A G P"^: 



y^ = lliT,{b,)r', ifA = 5^mA, gZ. (2.14) 



i=l 1=1 



They span a subalgebra C[Y] of 7^{t isomorphic to C[P'^] and they satisfy the relations (see 

!) 

yAyV^yA+A'^ X^X'eP""; (2.15) 

y^yA _ ys,Ay. ^ _ A G (2.16) 



1 -r 

where i = 1, . . . ,n. These formulae imply that the generators Ti, . . . , T„ commute with the 
elements of the subalgebra C[y]^ C C[Y] consisting of the polynomials invariant under the 
usual action w: Y^ Y^^ of the Weyl group W. 

Let jr = C'°°(\/)2'riQ^ be the space of smooth complex-valued periodic functions / on \^ 
with the lattice of periods 2'7iiQ'^ , that is /(x + 2nia^) = /(x) for j = 1, . . . , n. The group 
W acts on as 

wf{x) = f{w~^x), wEW, /G-F, xEV. (2.17) 

The elements of the algebra 7Ht can be represented as operators acting in J-": 

X^ = e^(^), vr, = 7r„ = \ , + ^ ^ , , g., (2.18) 

where /i G P, r G (9, i = 0, 1, . . . , n. Rearranging the last formula into the form 

we see that Tj/ G J-" for all f E J^. Indeed, for any i = 0,1, ... ,n the periodic function 

g{x) = f{x) — f{six) = f{x) — f{x — ai{x){oLf''^y) vanishes whenever aj(x) G 27r2Z, hence 

the function g(a;) = rr is periodic and smooth: q E T . Therefore, the function 

T,j{x) = tj{x) + (tri - t,e-''^(-))~g{x) (2.20) 
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also belongs to T . 

The formulae fl2.18p define a faithful representation of DAHA TUt on the space T called 
'polynomial representation (extended to smooth functions). The elements in this repre- 
sentation are called Cherednik-Dunkl operators. 



2.2 Macdonald-Ruijsenaars systems 

Denote by J-"^ the subspace of invariant functions f & J-", that is f{wx) = f{x) for all 
w & W and x E V. Consider the subalgebra C[F]^ C C[Y] C 7Ht- It is spanned as a vector 
space by the elements 



^A(y) = E = E (2-21) 

where WX = {wX \ w G W} is the lorbitl of the coweight A G and Wx = {w E W \ wX = X} 
is the stabilizer of A. We will normally be choosing A G for the operators mx{Y). 
In the representation fl2.18p the elements mx{Y) have the form 

= E E gU^Mi^)^. (2.22) 

where g^^ix) are some meromorphic functions and r^v) are the shift operators acting on 
functions by r(z/)/(x) = f{x — hv). 

The subspace J^'^ C J-" can be characterized as a space annihilated by all the operators 
Ti—ti,...,Tn — tn- Since the elements of C[F]^ commute with Ti, . . . , T„ they preserve this 
subspace: mx(Y)(^J'^) C J-"^. Thus we can restrict the elements of C[F]^ to J-"^ [31 127] . 
The restriction of fl2.22p is 

Mx = Res (m,(r)) = m,(F)|^^^, = E E (2-23) 



Let Mer(V^) be the space of meromorphic functions ip{x) on V such that (p{x + 27rza 



(/9(x) for all j = l,...,n. Define the subspace Ai C Mer(y) consisting of functions 
ip G Mer(y) holomorphic out of the union of hyperplanes IJ/3e_R{^ E V \ /3{x) E 27riZ}. 
Consider the smash-product algebra D = #C[r(P^)] defined by the commutation rela- 
tion T{X)(f{x) = ip{x — /lA)r(A). This is the algebra of difference operators acting on the 
space A^. Any element a G D has the form a = XIagp^ J2wew 9x,w(yX)T{X)w, where gx,w ^ -M 
and the sum over A is finite. Note that Mx G D for any A G P^. 

Let r G O', so br G P^ is a minuscule coweight. Then the restriction of m_fe^(y) to J-"^ 
can be written explicitly [3|, HI [2j: 

E ( n )^w= (2-24) 

AGVy(-6r) «6« 
^ ^ (<i,A) = l 
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E n i„: ° i-w - 1 + . (2-25) 



{a,A) = l 



{a,x) 

1 



where ttt-a,* = ^uew\Y[a&R+^°' ' ■ Note that in the cases R = Eg, F^, G2 the minuscule 
coweights do not exist. For any R there exists quasi-minuscule coweight A = —6'^. The 
corresponding operator has the form [H |2] : 

M~e^=2^[ 11 1 ) _ . ) - 1 j + ^-e\t ■ (2-26) 

(a,/3V)>0 

The operators fl2.24p . fl2.26p are called Macdonald operators (see e.g. [28]). 

Consider the subspace £H C D spanned by the elements Mx defined by fl2.23p . Since 
the restriction operation Res: m\{Y) i-> Mx is an algebra homomorphism the subspace 
9^ = Res (C[y]^) is a commutative subalgebra in D. We will recall that contains n 
algebraically independent elements. First we introduce some notations. For each A G 
there exists a unique dominant coweight A+ G such that A+ G W\. Let z/, A G be 
two coweights. We write z/ > A if z/ 7^ A and v — \ = 'YTj=i kjO^j for some kj G Zj.o. We 
also introduce another order on P^: we write z/ -< A if < A+ or (z/+ = A+ and z/ > A), 
(see [21]). 

As it is explained in [2l] the Cherednik-Dunkl operators have the form 

y'=Y. ~9ti^M^)^ + E E (2-27) 

exact formula [23] 



for some functions g^^{x), g^{x). For an anti-dominant coweight A G one has a more 



= 9\x)r{X) + 9U^M^)^- (2-28) 



Here 5'^(a;) = YI^gRx *"e"w-i°^ ' ^^ere Pa = -R- n (r(A)P+) is a subset in P. Thus, for any 
A G P^ we obtain 

mA(F) = 9\x)TiX) + aU^M^)^ (2-29) 

for some functions g^^{x). In accordance with the formula (12.231) the restriction of (12.291) to 
the subspace J-"^ gives the following difference operator 

Ma = g^xMX) + ^^^(x)r(z/), (2.30) 

where g^{x) = X^tugiy Since in the case A G P^ the condition z/ -< A implies z/ > A 

we can replace the order -< with the order > in the sum in the formula (12.301) . It follows 
now that for any mi, ... , rUn G Z j.o one has 

n 

n = r^'-''""(x)r(A) + ^^-i.-.-"(a;)r(z/), (2.31) 

i=i v>x 
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where g^i^---'^"(^x) ^ and A = — ^1^=1 ^j^j ^ Since the right hand sides of fl2.3ip are 
hnearly independent the operators M^bi, ■ ■ ■ , M^i,^ are algebraically independent. 

Remark 2.1. One can show that the operator (12.311) has the form c\Mx + J2,y£P'^ u>\ ^u^v 
such that c\ ^ 0. Then [211 VI, §3, 4, Lemma 4] implies that the operators f l2.3ip form a 
basis of the space $H. It follows the commutative algebra 5^ is isomorphic to the algebra of 
polynomials C[zi, . . . , z„], and the isomorphism can be given by M_5. ^ Zj. In particular 
the elements M_b^ , • • • , ^-6„ generate the algebra 

The subalgebra 9^ C D is called the Macdonald-Ruijsenaars system. The Macdonald- 
Ruijsenaars operator (12.241) or the operator (I2.26P can be considered as a Hamiltonian of 
this system. 

3 Invariant shifted parabolic ideals 

The goal of this section is to construct some T^^t-submodules of J-", which will be used in 
the next section. Note that any ideal of the algebra J-" is invariant under the action of the 
generators G THt- We define some ideals as the sets of functions vanishing on certain 
planes. We show that these ideals are invariant under the actions of other generators of 
DAHA if parameters satisfy special conditions. 

Let 7]-. i? — )■ C be a VT-invariant function on the irreducible reduced root system i?, that 
is ?7to(a) = Tja = ''^(ct), Va G R, Ww G W. We will also denote rji = rja^ for the simple roots a^. 
To each subset S' C i? we associate the plane 

H^(S) = {x eV \ {a,x) =r]^,ya e S} = f]{x eV \ = r]^}. (3.1) 

Note that Hrj{wS) = wHr^{S) for any w eW. 

Let 5*0 be a subset of the set of simple roots A and let Wq gW he the subgroup generated 
by So, a G Sq. We associate to 5*0 the following subset 

W+ = {w eW \wSoC R+} C W. (3.2) 

Let Vo = {So) be the linear subspace of V spanned by the set Sq. Then Rq = VoH R is the 
root system with the set of simple roots 5*0. Note that the transformations w G restricted 
to Rq respect the standard order. More exactly, if /5 ^ 7, /3, 7 G -Rq then w(3 ^ wj. (Here 
61 ^ 62 means 62 — Si = Yl'i=i where G Z^o)- 

Remark 3.1. The elements of W+ are the shortest coset representatives of the left cosets 
oiWo in W (see |26]). 

Let us consider the plane 

Vo = H^iSo) = {xeV\ia,x) = r]^,\/a G So} (3.3) 
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and the union of planes 



V= \J Hr,iwSo) = W+Vo. (3.4) 



The arrangement V is obtained by shifting the linear arrangement WHq{So), where 
Hq{So) is defined by the formula fl3.3p with the function 77 = 0. More exactly, the following 
two statements take place. 

Proposition 3.1. For any w E W there exists w' G such that Hq^wSq) = Hq^w'Sq). 
Thus each plane wHq{Sq) is parallel to some plane w'Vq C P. 

Proof. The element w E W can be decomposed as w = w'wq where w' G W+, Wq G Wq 
(see |26j)- Since Hq^Sq) = Hq{Rq) and WqRq = Rq we have WqHq^Sq) = Hq{So). Hence 
HoiwSo) = w'woHoiSo) = w'HoiSo) = Hoiw'So). □ 

Proposition 3.2. // the planes wVq and vo'Dq are parallel for some w, w' G then they 
coincide: wVq = w'Vq. 

Proof. Let w,w' G If the planes wVq and w'Vq are parallel then wVq = w'Vq. In 

particular, this implies 

wa = 'japui'P, for all a G ^o, (3.5) 

/3e5o 

where 7q,^ G C. Applying {w')^^ to (13. 5p we conclude that 7^/3 G Z^o V/3 G 5*0 or 7q,^ G Z^q 
V/9 G 5*0. Taking into account wa G -R+ and w'(3 G -R_|_ we deduce from (13.51) that 7^/3 G Z^q 
Va,/3 G 5*0. Analogously we have 

w'/3 = 'JiSaWa, for all /3 G 5*0, (3.6) 

where 7/3^ G Z^o- The formulae (13. 5p . (13. 6 p lead to the following system of equations 

7a/37/35 = 5q,5, tt, 5 G Sq, (3.7) 

where 6a,i3 is the delta-symbol: 5a,Q, = 1, 6a,i3 = for a 7^ /3. Under conditions ''iap^ljSa £ Z^o 
the general solution of the system (13. 7p is 



lap = 7l3a = ^cT{a),lS, (3.8) 

where a: 5*0 — )■ -Sq is a bijection. Hence 

wa = 5(T{a),i3w' 13 = w'(7{a), for all a G Sq. (3.9) 

/3G5o 



11 



Using this one yields 

wVq = {x E V \ {wa,x) = ria,Wa G Sq} = {x E V \ {w'a{a),x) = ria,Wa G Sq} = 

= {x E V \ {w'(T{a),x) = rjfj(^a),'^Oi G Sq] = {x eV \ {w'a.x) = ria,Wa G So} = w'Vq, 

where we used rja = V(T{a) obtained from (13. 9p . □ 

Let Ri,...,Rm be irreducible components of Rq = Vq H R, Rq = U^i each 
root subsystem Ri we have the corresponding set of simple roots 5"^ = Sq H R£, so that 
5*0 = U^i where Si fl S*^/ = for £ ^ The reflections Sq,, a G -R^, generate the Weyl 
group Wi C W corresponding to the root system Ri. For each root system Ri there exists 
the maximal root Qi G Ri with respect to Si. Let = \Se\ and Se = {a{, 0:2, ... , al^}, then 
9i = Yl^Li ^^j^jy where ^ 1 are integers. 

Definition 3.1. Let 9 = X^iLi ^i'^i maximal root of R with respect to the set of simple 

roots A. The number 



hrj = r]0 + ^ niVa, 



is called generalized Coxeter number for the root system R and the invariant function rj. 

We note that the generalised Coxeter number for the root system R does not depend on 
the choice of R+ (or, equivalently, on the choice of A). For a constant function rja = t] the 
generalized Coxeter number h^j = f] ■ h, where h = 1 + Y17=i ^« usual Coxeter number 

(see [23 )• 

Remark 3.2. The generalized Coxeter number can be equivalently defined as the coefficient 
of proportionality of the following ly-invariant inner products (c.f. [IT]): 

> -. r = h„-[u,v], yu,veV. (3.10) 

^-^ (a, a) 

Note that the restriction of the function rj: R — )■ C to the subsystems Re G R is a 
VF^-invariant function on Rg. Since Re is irreducible one can define the generalized Coxeter 
numbers for this subsystem: 

ki 

^J = ^^. + E^5^^' (3.11) 

where r)^, = ri e. 

Define the ideal of functions vanishing on the union of planes (13. 4p : 

= {/ G ^ I fix) = 0,Vx G V}. (3.12) 
The main result of this section is the following theorem. 
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Theorem 3.3. Suppose that the subsystem So C A and the function t] are such that 

hl = h for all i=l,...,m. (3.13) 

Let the parameters of DAHA 7Ht satisfy t\ = e^" for all a G R. Then the ideal I-p G T is 
invariant under the action of DAHA: THtIv C Iv- 

We will prove this theorem in the next tree subsections. We establish the invariance under 
Ti, 1 ^ i ^ n in Subsection 13. 1[ the invariance under tt^ is established in Subsection 13.21 and 
the invariance under Tq is established in Subsection 13.31 

Remark 3.3. The degenerations of the ideals J-p at r/ — )■ give invariant parabolic ideals 
for the rational Cherednik algebra Hc{W) with c = rj/h. Any radical ideal invariant under 
Hc(W) can be obtained this way (see ^17]). 

Remark 3.4. The invariant ideals Id for the A series are the ideals obtained by Kasatani 
in [19j, namely these are the ideals Im'^'' with r = 2 and the same m as we use. (The ideals 
in [19] are considered in the space of polynomials of multiplicative variables). 

Let us record the introduced planes in terms of affine functionals. For a root a G -R+ 
we denote a' = [a, —rja] G V. Note that w{a') = [wa, —rja] = [wa, —rjuja] = (wa)' for all 
w G W^, a G R+. For a subset iS C let 

H{S) = {x eV \ I3{x) = 0^(3 eS}. (3.14) 

We will write H(^f3i, (32, ■ ■ ■) instead of H(^{f3i, (32, ■ ■ ■})■ In these notations the defini- 
tions (13.11) and (13.41) take the form 

Hr^iS) = H{S') = {x eV \ a'{x) = 0,\/a e S}, V= \Jh{wSI^), (3.15) 

wew+ 

where S' = {a' \ a E S} , Sq = {a' \ a G Sq}. Note also that wH{S') = H{wS'). 



3.1 Invariance under Ti,. . . , 

Lemma 3.4. Let S = wSq where So C A, and w G W+. Let /3 G A. If (3 ^ S then (3 cannot 
be expressed as a linear combination of the elements of S . 

Proof. Suppose that there exist numbers 7q, G C for a G 5*0 such that (3 = J2aeSo laWa. 
Then, w~^{(3) = ^0,^5^ TaO- Since 6*0 C A this equation implies that the numbers 7q, are 
integers with the same sign: 7^ ^ Va G 5*0 or 7^ ^ Wa E So- Taking into account that 
wa G R+ for any a G 6*0 we see that the relation (3 = J2aeSo laWa holds only if (3 E S, but 
this contradicts the condition of the lemma. □ 

Proposition 3.5. Let parameters of DAHA THt satisfy t\ = e'^°' for all a E R. Then the 
ideal Ix> given by fl3.12p . (13.41) . (13.31) is invariant under the action of the operators Ti, . . . , T„, 
moreover Tilxi = Iv for all i = 1, . . . ,n. 
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Proof. Let f G Iv- Consider the subset S = wSq C R+, where w G W+. We need to prove 
that the function Tif{x) vanishes on the plane H{S'). 

Consider first the case a, G S. Consider the expression fl2.20p for the function Tif{x). Let 
X G H{S'), then the first term in this expression vanishes since the function f{x) vanishes 
on the plane H{S') and the second term vanishes since t^^ — tjC""'^^^ = — tie~^^ = 0. 

Now consider the case ^ S. Then we have Si{S) C R+. This means that SiW G W+, 
SiH{S') = H{siwS'Q) C V and f\six) = whenever x G H{S'). Thus, if x G H{S') and 
Q-ai{x) _^ then both terms in 

TJi-) = r^^f(-) + '\Ze'~I^' /(^^-) (3-16) 

vanish: Tif{x) = 0. Note that for any p G Z the intersection of the planes H{S') and 
H{[ai,27iip]) has positive codimension in H{S'). Indeed, otherwise H{S') C H{[ai,27iip]) 
and this implies, in particular, that a, can be obtained as a linear combination of the elements 
of S, but this is impossible by Lemma [231 Thus the subset {x G H{S') \ e""'*^^^ ^ 1} is 
everywhere dense in the plane H{S'). Since the function Tif{x) is continuous it vanishes on 
the whole plane: Tif{x) = 0, Vx G H{S'). 

We have proved Tj/j? C /©• The relation = Tj + {t^^ — ti) implies Tj^^Ij) C I-d and 
then TJ-D = Iv- CH 

Remark 3.5. If the W^-invariant function 77: i? — )■ C is fixed then one can choose a W- 
invariant function t: R ^ C satisfying the conditions of Proposition 13.51 by the formula 

t[i3,nk] = e'"'/^ for all /3 G i? and G Z. 



3.2 Invariance under the group 11 

Lemma 3.6. (c.f. [29])- Let 9 = XlILi maximal root of R with respect to the set 
of simple roots A. Then n.f. = 1 for some r if and only if there exists Ur & W such that 
Ur{{—d} U A) = {—6} U A and Ur{<yr) = Furthermore, if Ur{ai) = aj then rii = nj. 

Proof. In the notations of Subsection 12.11 the statement means O' = {r \ Uj. = 1} and it 
is proved in [2^. Now let r G O'. Define the number r* G O' such that iir* = vr"^, then 
Ur* = u~^, which leads to Ur{—9) = ar*. Taking into account that Ur{ar) = —0, Ur{ai) = aj, 
Ur = 1 and Ur{A\{ar}) = A\{ar*}, we rearrange Ur{— ^"=1 niOi) = a^* as 

n n 

^i^^j + ^kOtk - ^ Ukak + ar* = 0, 

kj^j,r* k=l 

where G Z. We obtain rii = nj since j 7^ r* by extracting the coefficient at aj. □ 

Proposition 3.7. Suppose that the subsystem Sq G A and the function rj are such that 
= h for all I = l,...,m. Then the arrangement fl3.4l) and the ideal fl3.12p satisfy 
TTrV = V and iirlv = Iv for any r E O . 
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Proof. It is sufficient to establish that vr,,. G V for any r G O' . Consider the subset 
wSq C R+, where w G We will show that there exists w G W+ such that t:^^H{wS'q) = 
H{wS',). 

First we note that 

if a G R+ and (a, br) = then u^a G -R+. (3-17) 

Indeed since the transformation vr"^ preserves the set A it also preserves the set -R+. There- 
fore Ura = n~^a G R+ fl i? = where we used Ur = 7r~V(6r) and Ura G -R. 

Lemma ES] and r G imply rir = 1. Since the roots wa^j and w6'^ = Yl^i^^j'^^j 
positive and coweight br is minuscule the products {w9i, br) and {waj, br) are equal to or 1. 
So for each i one of the following two possibilities holds: 

(i) {w9e, br) = 1, hence (waj, br) = Sjp^ and n^^ = 1 for some pi such that 1 ^ pe ^ ke; 

(ii) {w9e, br) = 0, hence (waj, 6,.) = for all j = 1, . . . , /c^. 

We can fix p£ = 1 by renumbering the roots a{, . . . , a^^ if necessary. 

Consider ffist the case (i): •y^j = Sji and n{ = 1. Let us ffist rearrange the plane H{wS[) 
as follows. We can replace in 

H{wS[) = H([wa{, -r]{], [wal -r]% . . . , [wa^^, -r/^) 

the functional [waf , — r^f] by the linear combination X^jii [— "/^j]; so taking into account 
'^^t = '^j'W^ct^ and the formula fl3.1ip we obtain 

HiwS',) = H(^[-wee, hi - ve,], [wai, -4], . . . , [wa^, -<]) • (3.18) 

This gives 

7r;^H{wS'f) = H(^[-Urw9i, - r]e^ - h], [urwa^, -vi], ■ ■ ■ , [urwai^, -^fcj) (3-19) 

using TT^-*^ = UrT{—br) and UrT{~br)a = [ura''^\a^^^ + h{a^'^\br)], where a = [a^^\a^^^] G V, 
It follows from (13.171) that UrWa^j G -R+ for j = 2, . . . , k£. 

We note that —UrwOi G -R+ since {Urw9i, Urbr) = 1 and -u^^r ^ -P- • The latter property is 
proved as follows. Since 11 is a group there exists r* G O' such that = T^r*- Rearranging 
TTr = vr~,^ as r{br)u~^ = Ur*T{—br*) we obtain Urbr = —br* G P^, where we used the relation 

UrT{br)Ur^ = TiUrK). 

Since = 1 it follows by Lemma 13.61 applied to the root system Ri that there exists an 
element G such that ve^Sg) = {—9e, . . . , C(i^}- So using = h we obtain 

TTr^ H(wS'() = H{urWViS'i) and UrWViSi C -R+ . (3.20) 

In the case (ii) the formulae (13.201) are valid for vi = 1. Indeed Hr^H^wS'^) = H{urwS'^) 
and it follows from (I3.17P that UrWaj G R+ for all j = 1, . . . , A;^. 

15 



Define now w = UrW YYeLi '^'i- Since ve G Wi acts identically on Sei for i' i we derive 

m 

wSq = \^ UrWViSi C R+, (3.21) 

hence w G W+, and 

mm m 

'k;^H{wS'o) = Pi 'k;^H{wS'^) = P H{urWVgS'e) = H(^[j UrWVeS'^^ = H{wS'q). (3.22) 

£=1 £=1 £=1 

Thus the invariance of V and, as consequence, the invariance of Iv are proven. □ 
3.3 Invariance under Tq 

If O {0} then there exists r E O' and the invariance of Ix> under To follows from the formula 
To = TT'^TrTir- Otherwise (C={0} for R=E^, T4, G2) we need to prove the invariance under 
To separately. We will prove it in the general case. We start with two preliminary lemmas. 

Lemma 3.8. Let w G Suppose the maximal roots for the system R and the subsystem Rg 
for some i satisfy w6g 7^ 6. Then 9 ^ wR^. 

Proof. Suppose 6 G wRi and let (3 = w~^9. Then (3 E Ri hence (3 ^ Og. Since w G W+ and 
(3, 61 G -Ro it follows 6 = w[3 ^ w6i (see the comment after the formula f l3.2p ). Since 6 is the 
maximal root we get 9 = w6£, which is a contradiction. □ 

Lemma 3.9. Suppose the subsystem Sq G A and the function rj are such that h^^ = h for all 
i = 1, . . . ,m. Let w G W+ and suppose w6i 7^ 6 for all i = 1, . . . ,m. Then soH(wSq) C V. 

Proof. We will prove the existence of an element w G iy+ such that sqH^wS'q) = H{wSq). 
First we note that Lemma 13.81 implies 6 7^ waj for all j = 1, . . . , fc^, i = 1, . . . , m. Recall 
that if a G R+ and a 9 then (a, 6*^) equals or 1 (see [22] )■ Since wOi = Yl'jLi n^jWaj 7^ 9 
there are only two possibilities for each i: 

(i) {w9i, 9^) = 1 and hence (iwaj, 6*^) = n^^ = 1 for some pe such that 1 ^ pi ^ kf, 

(ii) {w9e, 9^) = and hence (waj, 6*^) = for all j = 1, . . . , ki. 

Here we took into account that w9e,wa^j G R+. 

Consider the case (i). We can assume pe = 1. Rewriting HiwS'^) as fl3.18p and acting to 
this plane by Sq = seT[—9^) one yields 

SoH{wS'i) = H{[-sew9i, - 4, - [sewai, -r/^], . . . , [sewai^, -viS)- (3-23) 

Taking into account that sg{a) = a — {a,9'^)9, Wa G R, we conclude sgwa^, = wa^, G R+ 

J J 

for J = 2, ... , ki and —Sew9i = 9 — w9£ G R+. Since n\ = 1 there exists vg G We such that 
Vi{Si) = {—9e, . . . , a^^} (due to Lemma 13^ . Then the condition = h implies 

SoH{wS[) = H^sgwViS'i), sqwviSi C R+ . (3.24) 
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In the case (ii) the formulae (13.241) are vahd for V£ = 1, because in this case sowaj = 
sewaj = waj G R+ for all j = 1, . . . , kg. 

Thus we have sqH^wS'q) = H{wSq), where w = sqwYYiLi "^e ^ ^ 

Now the invariance of the ideal Id under the action of the operator To can be established. 

Proposition 3.10. Suppose the subsystem Sq G A and the functions t], t satisfy h^^ = h for 
all i = 1, . . . , m and t^ = e^" . Then TqIx> = Iv- 

Proof. We need to prove that for any f E Iv and w G the function Tof{x) vanishes on 
the plane II{S'), where S = wSq. 

Let us first suppose that w9i = 9 for some i. Let x G if (5"). Since h[^ = h and r/^^ = rjo 
one yields aQ{x) = —{w9i, x) + h = rfg^ — h^^ + h = rfg and hence e"""*^^^ = ^- Therefore the 
right hand side in fl2.20l) with z = vanishes. 

Otherwise w9i ^ 9 for all I and by virtue of Lemma (3.91 we have soII{S') C V. Hence 
the function 

- r^^/(^) + °i _ fM (3-25) 

vanishes on the subset H{S') n {x e V \ e-""(^) ^ 1}. Let us prove that this subset is 
everywhere dense in II{S'). Indeed, otherwise II{S') is contained in a plane II{aQ + [0, 27rip]) 
for some p G Z. This leads to [—9, h + 27iip] = J2a€wSo ^a^' ■ Therefore 9 G wVo, where 
Vq C is the subspace spanned by 5*0. Since w~^9 G R then w~^9 G -Rq = Vq H i?, and 
the formula i?o = U^i -^^ implies that w~^9 G Rg for some £. But this is impossible due to 
Lemma [3.81 Thus the continuous function TQf{x) vanishes on all the plane if (5"). □ 
Theorem 13.31 follows from Propositions 13. 5[ 13. 7[ 13.101 

3.4 Further invariant ideals 

In this subsection we generalize previously constructed ideals i© by requiring functions to 
vanish on the families of parallel planes containing the planes wVq with w G W^. For DAHA 
associated with the classical root systems such submodules were considered by Kasatani 
in HSIEU]. 

Consider a subset wSq C R, where w G W, and its decomposition wSq = U^i uiSi. For 
a function ^ : wSq — )■ Zj>o we denote |^|^ = '^^ewSe ^i^)^ where i = 1, . . . ,m. Note that if 
wSo = w'Sq for some w' G W then the values . . . , |^|;;; and |^|^ , . . . , are related by 
= where a permutation a G &m is such that i?o-(£) — Re- 

Let ri, . . . , G Z^o be such that = r^/ if Ri = i?^/. For an element w E W we define 
the following set of functions 

Eriw) = : wSo ^ Z^o I r'(0) C i?+, 1^17 ^ r,, £ = 1, . . . , m}, (3.26) 

where r = (ri, . . . , r^). The condition ^^^(0) C i?+ means that ^(a) = implies a G R+. 
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Let 77: — > C be a fixed ly-invariant function. To a subset S G R and a function 
^ : S* — 7- Z^o we associate tlie plane 

Hrj{S;0 = {x eV \ {a,x) = r]a- h^{a)ya G S}. (3.27) 
Starting from tlie subset 5*0 and r we define tlie union of planes 

Vr-= [j [j H,{wSo;0- (3.28) 

We will assume that r is such that 

GCD{re + l,h + l) = I, if Re = Ak„ i = l,...,m, (3.29) 

n = 0, ifRe^Ak,, £ = l,...,m, (3.30) 

where GCD stands for the greatest common divisor. Note that in the case r = the union 
coincides with V = W+Vq defined by the formula fl3.4p . We also generalize the conditions 

hf^ = h a.s 

hi = {n + l)h. (3.31) 

Theorem 3.11. Suppose the parameters of DAHA THt satisfy t"^ = e"^" for all a & R. 
Suppose the subsystem Sq C A, the function rj and the parameters ri, . . . ,rm are such that 
the conditions f l3.29|) . f l3.30p and f l3.3ip are satisfied. Then the ideal 

Jj,^^ = {f eJ^\ f{x) = 0, for all X E V?} (3.32) 

where Vf is given by (13. 28 p . is invariant under the action of DAHA THf 

First we establish the invariance under Ti, . . . , T„. 

Lemma 3.12. Under assumptions of Theorem VJ . 1 1\ one has Til-p^ C for i = 1, . . . ,n. 

Proof. Similar to the proof of Proposition 13.51 we show that the function {Tif){x) vanishes 
on the plane Hji^wSq; where / G Jx),, w E W and ^ G S^(w). If a, G ^~^(0) then it 
follows vanishing of the function t~^ — tje""'*-^-' (see the formula fl2.20p ). Suppose now that 
ai ^ ^"^(0). It follows Si(^"HO)) = ° ■5i)~H0) ^ and, therefore, ^ o Si e H^(siw). If 
X G Hri^wSo; ^) then SiX G Hri{siwSo] C,osi) C Vj^ and the function f{six) vanishes as well as 
the function f{x). We are left to prove that Hjj{wSq] ^) (f. ll{\(y.i, 27rip]) for allp G Z. Suppose 
the opposite, that is = ^cteSo laWa and 27rzp = XlaeSo 7a (^^l^*^) ~ "^o) for some 7q, G C 
and p G Z. Since w~^ai = J2aeSo 7°'^ ^ Ro, la are integers of the same sign and there exists 
i, 1 ^ i ^ m such that w~^ai G Re. Therefore 27iip = ^aeSe'^a{hC,{wa) — rja). If = 
then ^1^^^ = hence wSe C R+ and ai G wSe which is not possible as ^(aj) 7^ 0. If 7^ 
then Re = A^g,, hence v\p>^ = const and 9e = J2aeSi ^- Note that -^w^^di = ± J2aeSi ^ 
hence |7q,| ^ 1. The condition (13.311) implies 

2mp = fi(^Yl 7a'^(wa) " ^ ^ 7a) ■ (3.33) 

Since h ^ 27rzQ the expression in the brackets vanishes. As | ^aG5<,7al ~ Tl,a£Si l7"l ^ 
we get a contradiction with the condition (13. 29 p . □ 
We will need the following technical lemma for the rest of the proof of Theorem 13.111 
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Lemma 3.13. Let u G W , A G such that u\ G P^. Suppose that uR^ C R+, where 
u = nr(— A). Let Re = Ak^ for some i and let Se = {a{,...,al^} be a basis of simple 
roots. Assume that w E W and ^ G satisfy the conditions + uiq ^ ri + 1 and 

^j + m^j^O for all j = 1, . . . , ki, where trq = {w9i, A), = ^{waj), = (lyaj, A). Denote 
= ^1^^ . Then uHr,{wSf,^e) = Hj^{uwViSi]^() for some element G Wi and some map 
if. uwveSe Z^o such that T^aeawv^sji'^) ^ ^7^(0) ^ R+. 

Proof. Since Ri = A^^ the maximal root in Ri is 9i = Yl^Li (^j hence uIq = Yl'jLi 
Denoting C| = + "we have (j ^ 0. Let us show that 

(j = imphes uwaj G R+. (3.34) 

If C| = there are two cases: = = and = — > 0. Consider the first case. 
Note that = imphes that uwaj = uwa^j. Since = we have waj G -R+ and 

using uR^ C -R+ we obtain uwaj G -R fl i?+ = In the case when — > we have 
(■uwajj-uA) = < 0. Since mA G we also deduce uwaj G -R+. 
There are two possible cases: 

(i) iCif' + '^o = ''"^ + 1 cind hence ^ 1; 

(ii) \^\r + m',^re. 

Consider first the case (i). Since ttiq ^ 1 there exists pi, 1 ^ pi ^ ki such that m^^ ^ 1. 
We can assume pi = 1, that is m{ ^ 1. The formula fl3.18p can be generalized in this case as 

Hr,{wSe; ^e) = H([-w9e, -h\^\r + h'^ - r/^J, [wal ^2 - 4i ■ ■ ■ . Hi - <]) • (3-35) 

Acting by u = ut{—X) and taking into account fl3.3ip we obtain 

uH^{wSi; ^i) = h(^[-uw9i, -r/ej, [uwai, hCi - 7]^], [uwa^, hC^ - r/fj) . (3.36) 

Due to Lemma [32] there exists ve G We such that {—9i,al, . . . ,al} = veSe. Define the 
function ^^: uwviSi — )■ Z^q by C^£{—uw9i) = and ^i{uwaj) = (j where j = 2, . . . , fc^. 
Let us check that the sum of values of the function C,e is not greater than r^. Indeed, 
Yl^L2(j ~ + ^0 ~ ii~ ^1 = rn + 1 — ^[ — ra\ ^ r^, where we used ra\ ^ 1. Since 
u\ G and {uw9i,u\) = uIq ^ 1 we have —uw9e G -R+. Taking into account (13.341) we 
derive ^^^(0) C R+. 

In the case (ii) we set vg = 1 and ^^(wwaj) = where j = 1, . . . , ke. The sum of values 
of the function is still not grater than r^, indeed Yl'jLi Cj = + ^ ^f^- ^T^om (13.341) 
we derive ^'[^(0) C R+ for this case as well. 

In both cases we arrive at uHrj{wSf, ^g) = HniuwvgSg] ^^). □ 
Now we are ready to establish the invariance of Ix>p under the operators tTj. and Tq. 

Lemma 3.14. Let r E O. Under assumptions of Theorem \3 . 1 1\ one has TTrlv^ C Iv^- 
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Proof. It is sufficient to establish 7r~^D^ C "Dp for arbitrary r G O' . Consider an element 
w eW and a function ^ e Sr-(w). We will show that there exists an element w &W and a 
function ^ G such that 7i~^Hrj{wSo] ^) = Hj^{wSo] Note that we have 

m 

7r;'H,{wSo; = -^r'H.iwS,; 6), (3.37) 

£=1 

where = ■ For each £ we have two possible cases: Re = A^^ or Ri ^ A^^. 

Suppose ffist that Re = Ak,,. For u = Ur and A = 6^ we can apply Lemma 13.131 
Indeed, it easy to see that UrK G (see the proof of Proposition 13. 7p . The transformation 
u = UrT{—br) = TT"^ prescrves the set A and hence uR+ C -R+. Since br is a minuscule 
coweight G { — 1, 0, 1} for i = 0, 1, . . . , /c^ (we use the notations of Lemma 13. 131) and hence 
10^' + ^0 ^ + 1- Further we have + ^0 because otherwise = and rrij = — 1; 
since ^^^(0) C R+ the ffist equality means that waj G R+, but this contradicts the second 
equality. 

So due to Lemma 13.131 there exists an element Vi G Wi and a map ^£ : UrWViSi Z^q 
with the sum of values not greater than such that ^^^{0) C R+ and 

TT:;^Hri{wSf, ^i) = Hr^{UrWVeSi] li) . (3.38) 

In the case Ri ^ A^^ we have = and therefore ^£ = 0, H^iwSf, ^i) = H{wS'g). So the 
relation (13.201) holds for an appropriate ve G We (see the proof of Proposition 13.71) . In this 
case the equality fl3.38p is valid for the function C,e: UrWVeSe — > Z^o defined as = 0. Note 
that we have $,^^{0) = UrWVeSi C R+. 

Define the element w = UrW YleLi '^e the function : wSq — )■ Z^o by the formula 
^\wSi ~ already checked in fact that |^|^ ^ r^. Since $,^^{0) C -R+ for all £ = 1, . . . , m 

one has ^^^(0) C So ^ G Ej-f{w). Thus we obtain 7!-~^Hrf{wSo; ^) = Hrj{wSo;0 

required (c.f. (K22^ ). □ 

Lemma 3.15. Under assumptions of Theorem \3 . 1 1\ one has TqIv^ C /p^. 

Proof. Let / G Ix>p, w E W and ^ G Eff{w). Then we need to prove that the function 
(Tof){x) vanishes on the plane Hr,{wSo; C,). Let C,e, and be defined as in Lemma 13.131 
Then there are three different possibilities: 

(a) 9 = w9e and l^^' = re for some i; 

(b) waj = —9 and ■Cj = 1 fo^' some j and 

(c) the other cases satisfying neither the condition (a) nor (b). 

In the cases (a) and (b) we have ao(a;) = r/e for x G Hrj{wSo; So that the expres- 
sion (12.201) with i = for the function (To/)(x) vanish on the plane Hr){wSo] 0- 

Now consider the case (c). We will prove in this case SoHr^^wSo; ^) C Vf^ by providing 
w eW and ^ G Eff{w) such that SoHrj{wSo] C,) = iJ.^(tyS'o; 0- 
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Let Ri ^ Ak,. Put = {w9i,9'^) and = (waj,^'^), then = Ejii^j- We have 
|m^| ^ 2 for alH = 0, 1, . . . , /c^. Firstly note that I'Cl^' + '^o ^ + Indeed, in the case (c) we 
have 6 ^ wQi or |^|^ ^ — 1. If the first condition holds then the inequality we are proving 
follows from ^ 1 and |^|^ ^ r^, otherwise it follows from m-Q ^ 2 and |^|^ ^ — 1. 

Secondly ^| + ^ for all j' = 1, . . . , kg. Indeed, if + < then < 0, which 
implies waj G R- and hence 7^ 0; so that the only possibihty is = 1 and = —2. 
This implies wctj = —0, which is impossible in the case (c). 

Note that Sq = sgT{—6'^) satisfies So-R+ C -R+. Thus using Lemma PJ. 131 for u = sg and 
A = we have 

SoH^{wSi] ^e) = Hrj{sewViSe; 1^) (3.39) 

for some element V(, G We, and some map ^e, : SgWVeSe — )■ Z^o with sum of values not greater 
than ri such that ^^^{0) C R+. 

If i?£ ^ Afc^ then = and, therefore, = 0, Hrj{wSe; ^i) = H{wS'^). So we have the 
equality (I3.24p for the appropriate Vi G Wi (see the proof of Lemma ES]). Thus in this case 
the relation fl3.39p is valid for the map sgwViSe — J- Zij>o defined as ^£ = 0. Note that we 
have ~ sgwviSi C R+. 

Define the element w = sgw YYeLi and the function ^ : wSq — )■ Zj>o by the formula 
^\wSi ~ already checked that |^|^ ^ r^. Since ^^^{0) C R+ for all £ = 1, . . . , m one 

has ^(0) G R+, so ^ G S^-?(w). Then we obtain soHrj{wSo; ^) = if^(ty5'o; C,). 

Thus /(x) = /(sqx) = for all x G Hn{wSo;^) and we are left to prove that the 
denominator 1 — e~°'°^^^ in the formula (13.251) does not vanish identically on the plane 
Hrj{wSo; Indeed otherwise + [0,27iip] = ^^^^^ 7a[wa, /i^(wq;) — rja] for some p G Z 
and 7q, G Z. Then there exists £, 1 ^ i ^ m such that 7q 7^ only for a G 5'^. Hence 
27iip = h{^^^g^ 7Q^(tt;a) — 1) — X]ae5<? 7"^" and 7^ are all non-negative or all non-positive. 
If = then ^|^^^ = and hence wSe C R+. Since 9 G wRi it follows that 9 = w9e 
(c.f. Lemma [3. 8p which is a contradiction as we are in case (c) and not in case (a). If 7^ 
then Ri = A^^, = const. The condition (13.310 implies 

with 1 7a I ^ 1. Since h ^ 27riQ the expression in the brackets vanishes and due to | ^^.g^^ 7a | = 
J2aeSt l7al ^ have a contradiction with the condition (13. 29 p . □ 

Theorem 13.111 follows from Lemmas I3.12[ 13.141 and 13.151 

Example 3.1. Let R = An, then R^ = Aj.^, m — 1 + Yl^i ke ^ n and rj^ = rji for all a & R. 
In this case the conditions (13.291) and (I3.3ip imply ri = . . . = and ki = . . . = km such 
that GCD{ri + 1, fci + 1) = 1 and {ki + l)?7i = (ri + l)h. The corresponding invariant ideals 
(in the representation of DAHA of type GLn+i) were constructed in [T9j . 
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4 Generalized Macdonald-Ruijsenaars systems 



In this section we use the invariant ideals J© found in Section |3] to obtain commutative 
algebras of difference operators acting in the space of functions defined on the affine planes. 
We work in the assumptions of Theorem 13. 3 [ so that the ideal J© is invariant and the quotient 
module is defined. The symmetrized Cherednik-Dunkl operators rnxlY) considered in the 
quotient representation define a commutative algebra of difference operators. We consider 
explicit examples of operators arising this way. 



4.1 The operation of restriction 

In Section [2] we reviewed how the Macdonald-Ruijsenaars systems are obtained in terms 
of the polynomial representation of DAHAs. In this section we show how the generalized 
Macdonald-Ruijsenaars systems are obtained in terms of the representation 

Pv:mt^End{T/Iv) (4.1) 

on the quotient module F / Iv- Thus px)(a)((yf) = a(/)|^, where a G TUt-, f E F and 
(yf = [/] = /|^ is a class of the function / identified with its restriction on V. 

Consider the subspace J-q C T jlv of functions on D which have H^-invariant extension 
in V , that is J-q = {[/] G T jlv \ f G J^^}. Since V C WVq the elements of J-q are 
determined by their values on the plane and we can identify the space J-q with the space 
I / G J-'^} of functions on Vq. 

Since C[y]^J-'^ C J-'^ the operators belonging to the algebra px)(C[y]^) preserve the 
space J^o- For any a G C[F]^ let 

respD(a) = pv{a)\jrg. 

This operator as an operator on T>q is given more explicitly by the next theorem. Before its 
formulation we introduce some notations. 

Let V = {x E V \ (a,x) = 0,Va G Sq}. Denote by A the orthogonal projection of 
a vector \ & V onto the subspace V and by the set of projections of the coweights: 
P'^ = {A I A G P^} C V. The shift operators r(A) preserve the affine plane and therefore 
they act on functions on this plane: T{X)ip{x) = ip{x — hX), where x G Vq. Let Ai be 
the space of meromorphic functions on Vq which are restriction iplvo^ 4' ^ Define the 
algebra D of difference operators on by D = 7^ r(P'^). Note that any element a G 7Ht 
in the representation fl2.18p has the form 

a= 9x,u,r{\)w, (4.2) 

where (^a.w ^ -M. 

Theorem 4.1. Let a e C\Y]^ have the form (H^]). Then 



^ X=A' 

Formula (14. 3 p defines the algebra homomorphism res : px)(C[Y]^^ — )■ D. 
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Proof. Let us write v ^ v' for G V if wv — v' E 27rzQ^ for some w G W. Denote 
= {z/ G P'^ \ X — hv X — hX}. Let /^"(x) G J-"^ be a function which equals 1 in the 
points X ^ xq — h\ and vanishes outside the small neighbourhoods of these points. Note 
that for any / G the function {af){x) is smooth and that /[^^ = implies (a/)|^^ = 
since alv C Iv- Substitute / = for Ao G and x = xq into the formula 

(a/)(x) =J2Y1 9x,Mfi^ - ^^)- (4-4) 

We get that for any xq E V the functions G^°{x) = J2ueP^° J2w€W di^^wix) are defined in the 
point X = Xq and that if G^°{xo) ^ for some Xq G Pq; A G then there exists w eW 
such that w{xq — /lA) G + 27ri(5^. 

Let Xq be a generic point of T>q. Then it follows from w[xq — hX) G I^o + '^TciQ'^ where 
w E W that Wq{xo — hX) E Vq + 2mQ^ for some Wq G PVq- Indeed, for generic Xq G Vq the 
formula iy(xo — ^A) G + ^-niQ^ implies W^^o C Vq and hence wVq = Vq. Decomposing 
the element w E W a.s w = w'wq with ty' G W+, wq E Wq (see Remark 13.11 and [26]) 
we obtain w'Vq = Vq. Then by applying Proposition 13.21 we derive w'Vq = Dq and hence 
Wo{xo - hX) eVo + 2'KiQ^. 

Let the ly-invariant function rj satisfying the conditions h^^ = h he generic. Then one 
can show that wo{xo — hX) E Vq + 2TciQ'^ implies xq — hX ^ xq — hX. Note that the right 
hand side of (14. 4p at x = xq has the form (a/)(xo) = XIagp^ jp^^G^'^ (xq) f {xq — hX). Since 
each term contributes only if (^^"(xq) 7^ we can rewrite the expression as 

(a/)(xo) = Tp^\GTi^o)f{xo - hX), (4.5) 

where we used the W^-invariance and 27ri(5^-periodicity of the function /(x). One can prove 
that if xo — ^A ~ xo — hu for some A, z/ G P^ then A = z/. Thus we get z^ = A if (^^"(xo) 7^ 
and u E P^°. Hence the formula (14. 5 p can be rearranged to 

(a/)(xo) = E ( E E 9x,^)(^o)f{xo - hX'). (4.6) 

A'c"pv W^W AGP^ 
A=A' 

We established the equality (14. 6 p for generic Xq G Vq and rj. Since the left hand side is defined 
for all Xq G Vq and t] the equality is valid for all Xq G Vq and r/. Since ( res px>{a)f\^J{xQ) = 

(a/)(xo) for f eT^ the equality (gSD follows. Note that by putting / = /^^ where X'q E W 

in (14. 6 p we see that each function ( ^^„giy X] ^s^^^ g\,w){xo) is defined for any admissible r] 

and generic xq G Pq- 

Notice that if A G D is such that A(f) = for any G J-q then A = 0. Indeed consider the 
action oi A = J2\'eP^ dx'^i-^') where gy E Ai on (p = fx°\x)^- Then one yields gx[.^{xQ) = 
for generic Xq G Vq and all Aq G P^. It follows that the linear map res: px)(C[y]^) — )■ D 
defined by the formula (14.31) is an algebra homomorphism. □ 
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We are going to derive generalized Macdonald-Ruijsenaars operators using the operation 
respx) from Theorem 14.11 First it is useful to note that restrictions to the invariant functions 
and restrictions to the quotient module can be interchanged. More specifically, let D G D 
be an operator of the form D = J2xeP'^ fi'AT(A). Define the operator 



D 



E (E 



9x 



Aepv 

A=A' 



■Do 



r(A') G 



in the case when for any A' G the restricted function ^ Yl 
meromorphic function on Vq. 



ASP^ 
A=A' 



9x 



(4.7) 



is well defined 



Proposition 4.2. The subspace U\ = res opi5(C[y]^) cB) is a commutative subalgebra in D. 
The map p^: D D given by ( [^. 7| ) is well-defined on the subspace = Res (C[F]'^) C D. 
The algebra 91 coincides with the image of the map 'p^'- 91 — ?■ D, thus it is spanned by the 
elements Mx, A G P^. The following diagram of surjective linear maps is commutative: 



Res 

^ 



(4.8) 



and the map : 9^ — ?■ zs an algebra homomorphism. 

Proof. The space £H is a commutative algebra as an image of the homomorphism resopp. 
The definition of the map res: p(C[y]'^) — )■ D implies that resop25(a) = Res(a) for any 
a G C[y]^. Due to this formula and surjectivity of the map Res: C[F]'^ — )■ the operator 
D is defined for any Z) G 91. We also conclude that 9^ coincides with image of the map 
/7d : 91 — D and that the diagram (14. 8 p commutes. Since the operators Mx form a basis in 
9^ their images Mx span the space 9^. The commutativity of the diagram implies in turn 
that ])£)■. 9^ — )■ 9^ is a homomorphism: a' ■ b' = Res(a) ■ Res(6) = Res(a ■ b) = res opp(a ■ b) = 
res op25(a) -res opp(6) = a'-b', where a, 6 G C[y]^ such that a' = Res(a) and b' = Res(6). □ 

We will say that the image D oi D & under p^ is the restriction of the operator D 
onto Vq. The commutative subalgebra 9^ C D is the generalized Macdonald-Ruijsenaars 
system. The restrictions M_f,^ and M.gv of the Macdonald operators M_h^ and M.gv are 
the generalized Macdonald-Ruijsenaars operators. 



4.2 Integrability of generalized Macdonald-Ruijsenaars systems 

Let n = dim Do = 'f^ ~ \So\, where l^ol is a number of elements in the subset Sq C A. The 
set of indexes J = {j G Z>o | aj ^ Sq} has size n, let J = {ji, . . . , jn}. If j G J then the 
corresponding fundamental coweight belongs to the subspace V, that is bj = bj, bj G P'^ and 
r(±6j) preserve the plane Vq. 

Theorem 4.3. The operators M_fe. , . . . , M_i, _ are algebraically independent elements o/9^. 
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Proof. By the formula (12.301) with A = —bj we have 

M_,^, = g-'^{x)r{-b,) + a^'^i^M'')^ (4-9) 



where gu ' e M and g ''^{x) = UaeR-i^ e"(^)-i • 

Let j G J. Firstly note that u -< —bj implies i? 7^ —bj. Indeed, if a weight u G satisfies 
z/ -< —bj then it follows the corresponding inequality between the lengths: |z/| ^ | — If 
u = u then v = v ^ —bj. \i v ^ v then one has \v\ < |z/| hence |z/| < | — bj\ and therefore 
u 7^ —bj. Taking into account that bj = bj one yields 



M_ 



Let us prove that the function g does not vanish identically. Indeed, otherwise 

there exists an affine root a = [a''^\ a^-^'^] G R-bj such that e"'-^-' = e("'^^a;)+o(o) _ ^-2 ^^j. 
all X G 1^0- This implies that a^^^ G -R is a linear combination of the elements of 5*0 and, 
consequently, {a^^\bj) = 0. But on the other hand 

R_f^^ = (^r{-bj)R+) n _R_ = {[(3, hk]\ /3 e k G Z, 6^) < A; ^ 0}, 

which implies {a^^\bj) < 0. Hence (7^^^]^^ ^ 0. 

Let us introduce the order on the set P^: we will write u' > X' for i/'. A' G P^ if z/' 7^ A' 
and u' — X' = Y17=i 7«'^i^ f*^^ some 7^ G Z^o- One can check that this is a partial order on P"^ . 
The ordering u -< —bj for u G P^ implies u > —bj, v 7^ —bj and hence z/ > — 6j. So denoting 

(7^,^-' = ^i^<-bj gu^^ G for u' 7^ — 6j we obtain 

M:^ = ^7"'^L„r(-6,)+ 5^^7;^r(z.O, (4.11) 
where g~^^ 7^ 0. Let mi, ... , m^^ G Z^o and A' = — X]r=i "^'^j; ^ -P- > then 

n 

n {Ml^y = g"""-'""^ r{X') + aT'-'"^^ (4.12) 

where ^^1. -.™- ^ Jyi ^nd ^('"i'-''"" ^ 0. Since the operators flil2|) are linearly 

independent the elements M_b^^ , • • • , ^-bj- are algebraically independent. □ 

Now we introduce some notations. Let / be a function of several variables depending, in 
particular, on a complex variable z. Then we denote by 7^" the operator acting on / by the 
shift: 

{T:f){...,z,...) = f{...,z + a,...), (4.13) 

where a G C. Let Xi = (ej,x) + q for i = 1,...,A^, where {cj} is a set of pairwise 
orthogonal vectors in and Cj G C. Then we have Tj^f"^ = r(— Cj) on the functions 
f{x) = /(xi, . . . , xtv), where Ki = (d, e^). 
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4.3 An type examples 

The root system R = An is defined as {ci — ej \ i,j = 1, . . .n + l,i ^ j} considered in the 
space V = {x = Yl^=i ^i^i ^ C"'^^ \ Y17=i — 0}' where {e,} is the standard orthonormal 
basis in C"+"^. The simple roots are ai = ei — 62, 0^2 = 62 — 63, . . . , a„ = e„ — Cn+i and 
the maximal root is ^ = ei — e„+i All fundamental coweights br, r = 1, . . . ,n are minuscule. 
Any ly-invariant function t: R ^ C\{0} is constant. 

We will consider functions / on \^ as functions of + 1 variables satisfying the condi- 
tion nr=/ 'T'xji^i^ • • • 5 ^n+i) = f{xi, Xn+i) Va G C. Then we have Tj^J = r{-ei)f = 
t(— Cj)/, where Cj is the orthogonal projection of the vector to the subspace V C C"+^ 

Taking the coweight 61 = ii in fl2.24p we obtain the operator 

n+l n+1 x —x- J-—1 

1=1 j=i 

Any root subsystem Rq has irreducible components Re of type A only in its decomposition 
Rq = [J^^i Re- The invariant function rj = const. The generalised Coxeter number is /i^ = ki] 
for Re = Ak-i. Thus the conditions fl3T3|) lead to Ri = R2 = ... = Rm = ^fc-i and h=k7] 
for some k G Z5.2. Let us choose 

Se = {eNi+k{e~i)+i — eNi+k{e~i)+2, • • • , ^Ni+m-i — ^Ni+m}, i = 1, . . . , N2, (4.15) 
where A''i = n + 1 — mk and A^2 = Introduce new variables 

1 ^ ^ 1 ]^ 
= ^ -^^^ " 2~^' £=l,...,A^2- (4.16) 

Note that x^i+ke-sl-j-,^^ = l/^|x)o + st] ioi all s = 0, . . . , k — 1. The values of the variables 

Xi, ye with i = 1, . . . , Ni, i = 1, . . . , A^2 satisfying XlSi a;^ + /c = -A;(A; - l)?7/2 

uniquely determine a point on the affine plane Vq. The functions f : Vq ^ C are functions 
f{xi, ...,XN„yi,..., VNi) satisfying H^I'i V^^ n£i 7y/''f = f,^a& C. 

Proposition 4.4. Let t = e^^^. T/ie restriction of the operator fl4.14p onto Vq takes the 
form 

i=l J=i £'=1 

g - g-^ te-^-^^ - -fi ge^^-^^ - g-^ 

t — t^^ .^11 gi^j-to _ 1 11 ej/^/-i/<? _ 1 ■ ^ 

e=l j=l e'=i 

Proof. The coefficient at T^. in M_6j has non-zero restriction on Vq only if 1 ^ z ^ A'^i or 
i = Ni + ki for some £ = 1, . . . , A^2- These restrictions can be calculated explicitly using the 
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formulae (valid on Vq 



k-l 



YlgixN^+ki'-s - a;t, 1) = g{ye> - a;t^, 1), 

s=0 



IJ gixN^+ke-s - XN^+ke; t, 1) = g{0; t^, t) ^ _ ^-i ' 

s=l 

where a G C and g{z; 6, c) = -. Further since Cj = Cj for i = 1, . . . , Ni the restriction 

ce^ — c ^ 

of T^'l = t(— Cj) in this case coincides with 7^^. For i = Ni + k£ the restriction of T^'. = t(— Cj) 

is equal to Ty/'^ due to e7 = ^5=0^^1+^^-'* ~ (^)^) ~ ~ 1)^/2 (see the end of 

Subsection I4.2p . Taking into account the condition h = kr] and its exponential form q = 
we can write the restriction of f l4.14p in the form f l4.17p . □ 

Note that the operator (14.171) does not effectively depend on k, it depends on A^i, N2, h, 
1] only, where it is assumed that h/r] E Z>o. The operator (I4.17P was previously obtained 
and investigated in [TO] for general parameters h and rj and earlier in [7] in the case A^2 = 1- 

The formula (12.240 gives the explicit form of n Macdonald operators 

*^-''= E n "e^^.:r n-^. r=i,...,„, (4.18) 

/C{l,...,n+1} iGI iel 

where |/| is the number of elements in the set / C {1,...,?t, + 1}. Similar to the proof of 
Proposition 14.41 we calculate the restrictions of the operators (I4.18P onto T>q. We obtain 

—br XX ^Xj-Xi ]^ XX XX fm^i—SQiiii—yi -j^s—m^, 

/c{i,...,JVi} i,e'=l s=Q 

fr ,ey---r' fl te'^-y-t-^ nr'TTr"" (4i9) 

11 frrii^yi-Xi _ f-mi 11 -f-l-mt^xj-yi _ jm^-l 1 1 1 1 W ' ^ 
t=i t=l i(zi e=l 

where q = e^^^, t = e^^"^. In the case r = 1 the operator (14.190 takes the form (14.171) . 



Theorem 4.5. For any values of the parameters h and rj the operators M^i,^ given by the 
formula (I4.19p . r G Z>o, pairwise commute. The operators M^br with r = 1, . . . , Ni + N2 — I 
are algebraically independent at generic values of h and rj. 

Proof. For any r, r' G Z>o the commutator has the form 

(x, g, t) n r^t^' H '^vT'^ (4-20) 
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where the coefficients Cml]'.'.'.,mlf^{x,y; q,t) are rational functions of g = e^^"^ and t = e^l"^ . 
It follows from Proposition 14.21 that these functions equal zero if h,T] ^ C\7r?Q such that 
h/f] E Z>i and Ni + > max(r, r'). Thus the coefficients vanish for any parameters h 
and 1], and the operators commute. 

The second part follows from the fact that the operators M^hr sXh = rj are specialisations 
of the Macdonald operators M_6^ with n = A'^i + A^2 — 1, which are algebraically independent. 

□ 



4.4 Bn type examples 

The root system R = _B„ is defined as the set {ecj + e'cj | 1 ^ i < j ^ n, e, e' = ±1} U {ecj | 
1 ^ i ^ n,e = ±1}. The simple roots are ai = ei — 62, 02 = 62 — 63, . . . , an-i = e„_i — e„, 
Q^n = ^n- The maximal root is 6' = ci + 62- The group W has two orbits on R so the function 
t: i? — )■ C\{0} is determined by the values ti = t±e-±e- and t„ = t-te.. There is a unique 
minuscule coweight bi = Ci. The corresponding Macdonald operator is 

i-r (tie"'-"i - tr^)(tie"'+"^ - t^') t„e"' - f-' 




1=1 \ j=l 



11 (^^Xj-Xi _ \'^(^Q-Xi-Xj _ g-Xi _ ]^ Xi \i \ ■ ) 

where = (cj, x) are coordinates on V . 

The invariant function 77 satisfies rji = ri2 = . . . = rjn-i and fje = Vi- The generalised 
Coxeter number is /i^ = kr]i for i?^ = Afc_i and /i^ = 2(/c — 1)771 + 2rin if -R^ = Bk- 

We have two cases ^ 5*0 and a„ G 5*0 depending on the choice of S'o C A. Consider 
ffist the case a„ ^ S'o. All the irreducible components Ri are of type A. Then the conditions 

= h imply h = krji for some k G Z>o and -R^ = Ak_i for all £. Hence q = t\ and we can 
choose 

St = {eNj^+k{i-l)+l — eNi+k{£-l)+2, • • • , eNi+k£-l — GNi+m}, £ = 1, . . . , A^2, (4.22) 

where Ni = n — mk and A^2 = Define new variables 

1 k \ 1 ^ ^ 

= ■^^a;Ari+fc£-s = ^71 + ^ J^(a;Ari+M-. - s?7i), £ = l,...,iV2- (4.23) 

s=0 s=0 

Note that xj^-^^+kE-slj,^ = ?/^|-Pq ~ ~ l)'7i/2 + s?7i for all s = 0, . . . , — 1. The variables 
Xi, Hi with i = 1, . . . , A^i, £ = 1, . . . , A^2 form a system of orthogonal coordinates on the affine 
plane Vq. 

Proposition 4.6. Let ti = e^^l"^ . In the case a„ ^ S'o the restriction of the operator 04.211) 
onto takes the form 

^=l 1=1 
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where 



Af2 



n - I/,.; g^/^tf , g-i/2tl/')(?(6x. + y,,; q-'^hy')) g{ex.; 1), (4.25) 



BK^, y)=ll {9{ey, - x,- q''H\'\ q"H-"')g{ey, + x,; q''H'^\ q"V)) 

3=1 

n i^i^yi^ - yi^''^ ^' l)5'(e2/^ + yi'\ Q, 1)) 5'(e2/<?; q^^V^'^tn, q^^\^^^)g{2eye] qt^^, 1), (4.26) 



and 

z —1 

(26 — d 

g{z-a,h)= a,6GC. (4.27) 

Proof. The coefficient at T~^^^ in M_ei has non-zero restriction on "Dq only if 1 ^ z ^ A?"! 
oi i = Ni + k^ — [1 + e){k — 1) / 2 for some £ = 1, . . . , A'"2. To calculate these coefficients we 
ffist use 

k-l 



\)=g{a±y,,q'lhT.q-'lh'l\ (4.28) 
ti, l)g{exi + ti,l) = gi0;q,t)g{2eyf,qti\l), (4.29) 



s=0 

fe-1 



s=0 



where i = Ni + ki - {1 + e){k - l)/2. Further, ifi = Ni + ki ~ {1 + e){k - l)/2 then we have 
exi = e{yi - {k - l)r]i/2 + (1 + e)(A; - l)r]i/2) = eye + {k - l)r]i/2 and hence 

g{exi + a; b, c) = giey^ + a; hq^'h-^'\ cq^'\^'^) (4.30) 
for any 6, c 7^ 0. Thus we obtain fl4.24p . □ 

If an € 5*0 then we suppose that the numeration of the components 5"^ is such that 
an G Sm- Then = Ak_i for £ = 1, . . . , m — 1 and Rm = -B^, where k = \Si\ + 1 and 
k = \Sni\. Put Ni = n—{m — l)k — k, N2 = m — l, and let S'l, . . . , Sm-i have the form (I4.22p . 
while 

Sm = {^n-k+1 " ^n-k+2 ~ • • • ' ~ ^n, ^n} ■ (4-31) 

The variables Xi, . . . ,xni together with fl4.23p are coordinates on Vq. 
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Proposition 4.7. Let ti = e^^^"^ and tn = e''"/^. In the case an € Sq the restriction of the 
operator fl4.2ip onto Vq takes the form 

jrr, = Yl ^i(^^y) T^r' + E ^^^(^'^) "^T"' + (4-32) 

e=±l e=±l 

where 

Ni 



^tix, y) = gif^xf, tit J", q ^/'^)g{exu g^/^ti, 1) JJ fi-lex^ - x^; ti, l)g{eXi + x^; ti, 1) 



X 



n - 2/,, q-"HT)9{ex, + y.'; g^/^tf , g-^/^tl/^), (4.33) 



Blix, y) = g{ey,- q^'h'^W t^ '%ieyf, qt'^\ q^'\ '%{2ey,- qt^', 1) x 

n 9{ey^ - xr, q'lhY\ q''V)9{ey, + x,; q^'h^ . q'lHt'') X 



n ^(^^/^ ~ ^' + Vi^''^ 9' 1)' (4-34) 



~, , {q'^Hit-' - q-'/\X){q'/^ + q-'/^) ^ , i/o i/2x . 1/2 l/2^ 

C{x,y) =^-^ '-^ \_1>^^ ^- '-X{g{-Xf,q"X,q^'^)g{x,-q^'Hi,q^'^)^ 

N2 

n g{-ye; qt\'\t\")g{y,r, gtP,tP), (4.35) 

and g{z; a,b) is defined by fl4.27p . 

Proof. Note that = ?7n + sr]i for all s = 0, . . . , A; — 1. So the functional coefficient at 
7^"'^'' has non-zero restriction on Vq only if 1 ^ i ^ Ni or i = Ni + ki — {1 + e){k — 1) /2 
for some £=l,...,A'"2ori — n-|-/c = e = +l. To calculate the coefficients for the ffist two 
cases we use the formulae (14.281) . (14. 29^ . (I4.30p and the formula 

k-l 

g{a; tn, 1) JJ g{a - x„_,; ti, l)g{a + x„_,; ti, 1) = g{a; tit~^; q^^'^)g{a; q^^Hi, 1). 
)f T-'^ 

7 

calculated using 

9{Xn^k+i + «; b, c) = g{a; ht\-Hn, ct\-Hn) = g{a] bq^^^ cq^^^), 

nk—2 
g{xi - Xn-s] ti, l)g{xi + Xn-s] ti, 1) = ^-(0; q^^Hit''^ ,ti)g{0; q, g^^^), 
s=0 



The restriction of 7^ , yields the identity operator 1. The corresponding coefficient is 
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where i = n — k + 1 and we used the condition 2{k — l)r]i + 2?7„ = h in the form ^tn = 
Remark 4.1. The operator ( I4.32p can be rewritten in the form 

1 1 



£ = ±1 



where m_e,,t = f^(Ur' + t-H}""). 

Remark 4.2. Rational degeneration of the operators f l4.24p and f l4.32p can be obtained by 
substitution Xi Xi/ui, yi — >• Ui/u), rja — )■ Tja/uj, h — )■ h/u and taking the hmit a; — )■ cxd. This 
gives particular case of the operator considered by Sergeev and Veselov in [121 formula (94)], 
see also p4] . 

4.5 An example from root system F4 

The root system = F4 is given in = by 



R = {eci I 1 ^ i ^ 4, e = ±1} U {eie^ + eac^ | 1 ^ i < j ^ 4, ei, €2 = ±1}U 

4 

r i . 

u 



l^^t'fcCfc I i/i,...,z/4 = ±l|. (4.37) 



k=l 

The simple roots are ai = 62 — 63, 02 = 63 — 64, 03 = 64 and 0:4 = |(ei — 62 — 63 — 64). The 
maximal root is 6' = Ci + 62- The corresponding Weyl group W has two orbits on R. There 
are no minuscule coweights in this case. The VT-invariant function rj satisfies r/i = 772 and 
?73 = 774. We impose to = = ^2 = e''^/^ and ^3 = ^4 = e^^/'^. The Macdonald operator (12.261) 
takes the form 



M_ev = ^ g{eiXi]t-i,l)g{e2Xj]ts,l) JJ (^((eiXi + egx^; ti, l)5((e2Xj- + £3^^; ti, 1)) x 

ei,e2 = ±l e3 = ±l 

n X^'^'^^'^'^3,l)^(eia;i + e2Xj;ti,l)^(eiX, + e2Xj;g-4i,g-^)(^7;7'i''7;^''^- 1) + 



i'l,...,i'4 = ±l fc=l 



+ m_ev,t, (4.38) 

where ^'(2;; a, 6) is defined by (I4.27p . 

Let us consider the simplest example Sq = {a^} = Ai. Then T>q = {x E V \ x^ = r]-^} 
and the condition (I3.13p becomes 2773 = h. The restriction of the operator fl4.38p takes the 
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form 



g{e2Xj; hq^^^, q^^^)g{e2Xj] hq'^^^, q'^''^)g{eiXi + e2Xj] h, l)g{eiXi + e2Xj] q^Hi, q'^) x 
W (g{(^iXi + egXfc; ti, l)g{e2Xj + esx^; ti, l)g(^{eiXi + esx^ + egx^); g^/^, g"^''^)) x 

e3=±l 




n ^(^ E ^"'") ^(^1^- ^1^'^'' ^"'^'^1' (t:;"' - 1) + 

i^l,...,i^3=±l i=l 

"^ = 51 

+ m„ev,t, (4.39) 

where in every term in the sum k is such that 1 ^ k ^ 3, k ^ i, j; and ti = e''^^^, g^^^ = e'^^^ 
are parameters. 

Remark 4.3. It is possible to obtain a commuting operator to 04.391) by restriction of the 
relevant Macdonald operators for the small weights [3T]. Similar one can get Hamiltonians 
and quantum integrals starting from the Macdonald operators for the small weights in the 
case of other exceptional root systems. 

5 The case (C^, Cn) 

The affine root system of type (C^, C„) is given by 

§ = {[eiCj + e2ej, hk] \ 1 ^ i < j ^ n; ei, €2 = ±1; k G Z}U 

hk ^ 
U {e ■ [ei, y] I 1 ^ i ^ n; e = ±1, ±2; /c G Z} C y (5.1) 

(see [251 13 )• Let W be the group generated by the affine reflections Sq, with a G S. The 
corresponding DAHA is defined in \X5\ (see also [13]). We recall the associated commuting 
difference operators below. 
Let R = Cn, that is 

R = {eiCi + e2ej \ 1 ^ z < j ^ n; ei, 62 = ±1} U {e2ej \1 ^n;e = ±1}, (5.2) 
A = {ai = Ci- Cj+i I z = 1, . . . , n - 1} U {a„ = 2e„} C -R, (5.3) 
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let R = {[a, hk] \ a e R;k e Z} and A = AU {ao = [-6, h] = [-2ei, h]}. Then W = {sc, \ 
a G §} = {sa I a G -R} is the affine Weyl group for C„. 

Let Q^, P"^ , P and W be the lattices of coroots, of coweights, of weights and the Weyl 
group for the root system R = Cn respectively. Let also P C be the subset defined in 
Subsection 12 . 1 1 for R = Cn- 

5.1 Noumi representation of (C^, C„) type DAHA and Koorn- 
winder operator 

Let t,u: R C\{0} be such that ta = t^a = t{a), Ua = Uwa = u{q) for any w G W, 
a G R. Put u±e^±ej = 1, ti = to,-, Ui = Ua-. So wc havc ti = ^2 = • • • = in-1 and 

Ui=U2 = . . . = Un-1 = 1. 

Definition 5.1. [15\ Double Affine Hecke Algebra of type (C^, Cn) is the algebra TUt^u gener- 
ated by the elements Tq,Ti, . . . ,Tn, and by the set of pairwise commuting elements {X^j^^p 
with the relations fl^-fl^TD. fOIID and 

T-^X^^Tr' = X^-''' + {u,-ur^)X''-''^^''Tr\ ii{fi,a^) = l, G P, (5.4) 

where i = 0,1, . . . ,n. 

The algebra THt^u depends on six independent parameters ti, tn, to, Un, Uq and h. Note 
that the elements tTj. are not included in this case. One can also define an 'extended' version 
of (C.^,C„) type DAHA where affine Weyl group W = W v. r^Q"^) is replaced with the 
extended affine Weyl group W = W \x. t^P"^). However the W^-invariance of the functions 
t, u leads to less independent parameters in this algebra and subsequently in the commuting 
difference operators. Note also that if mq = Wn = 1 then the algebra 7Ht,u can be interpreted 
as a 'non-extended' version of DAHA of type Cn- 

Consider the action of the generators of 7Ht,u on the space J-" = C'^iyY^^^ given by 
the Noumi representation [H] 

X^ = e^^^\ T. = t. + tr^ ^ ^-^-^ ^(^^-1)' ^5-5) 

where /i G P, z = 0, 1, . . . , n. ^ 

The elements G THt,u with w & W and Cherednik-Dunkl operators F'*' G 7Ht,u with 
A G are defined by the formula fl2.12p . where tt^ = 1, and 

X,uePlr\Q''. (5.6) 

The operators commute with each other and satisfy the relations [HI [2] 

T,Y' - Y^^'T, = ^ {Y' - F-^), z = l,...,n, (5.7) 

where A G Q^, tj = tj for i = 1, . . . , n — 1 and t„ = tg. 
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Let C[Y] be the commutative subalgebra of 7Ht,u spanned by the Cherednik-Dunkl op- 
erators (15. 6p . The relation (15. 7p imphes that the elements of the subalgebra C[y]^ C C[Y] 
preserve the subspace of ly-invariant functions J-", that is m\{Y)J^^ C J-"^, where A G 
and m\{Y) is the operator defined by the formula (12. 21 1) . By restricting these operators to 
the subspace J-"^ we obtain the difference operators Mx given by formula fl2.23p with (12.22 p . 

Thus we get a commutative algebra spanned by M\ with A G . It is generated 
by the algebraically independent elements M^.^ = M_^^, where z/j = ei + 62 + . . . + Cj and 
i = 1, . . . ,n. The first of the generators is the Koornwinder operator [T6] 

n n 

M_ei =M_0v = ^ {tQtnY^ W {g{(^Xi - Xj] ti, l)g{exi + xj; ti, 1)) x 

!=1 j = l 

c = ±l jjti 



(1 - g-2e2ex,)(^X _ g2e 



where c/(z; a, 6) = -— — — and Kt = 7 -^(to^nti"^ + ^^n^^}"") 

06 — D ti — t-^ 



(5.8) 



5.2 Invariant ideals and generalized Koornwinder operator 

Let 77: i? — i- C be a W^-invariant function. It is defined by independent parameters rji = r^^^ 
and Tjn = Tja,^. Let S'o C A and let Vq, W+, V and Id be defined in the same way as in 
Section |3]for the case R = Cn- Let S'o = U^li Rq = U^i be the decompositions 

defined in Subsection 13.21 We denote ki = \Se\. 

There are two possible cases: a„ ^ So and q;„ G S'o. In the former case the components 
i?£ = for all £ = 1, . . . , m. In the latter case one of the components is of type C. We 
suppose a„ G Sm so that Ri = A^^ for all £ = 1, . . . , m — 1 and R^ — Ck^. 

Lemma 5.1. Assume that 

h^^ = h whenever a„ ^ R^. (5.9) 

Let w G be such that w9i 7^ 9 for all i = 1, . . . ,m. Then soHn^wSo) C V. 

Proof. If an ^ So then the assumptions of Lemma [33] hold and, therefore, soHri{wSo) C V. 
If an G S'o then the statement can be proved in the same way as Lemma [3.91 Indeed, in the 
proof of Lemma ESI the condition hf^ = h was used only if {w6i, ^^) = 1. Thus it is sufficient 
to establish that {wOm.O'^) = 0. Since wSm consists of positive roots only this set has the 
form 

I^Sm = {e-jj — 642, — 6^3, ... , — ^ikm'> '^^ikrn^l (5.10) 

for some 1 ^ ii < < • • • < ?fe,„ ^ n. Since wOm = 2eij the condition w9m 7^ = 2ei 
implies 7^ 1 and, hence, {wOmyO"^) = (2ej^,ei) = 0. □ 
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Theorem 5.2. Suppose the subset Sq G A and the function t] are such that the condi- 
tion (15.91) is satisfied. Suppose the parameters of D AHA THt^u o,re such that t\ = e^^ if n > 1 
and entnU'^n — e''"/^ for some e„ = ±1. Suppose also that if an E Sq then 

eoentntou'-ul'tl^''-^^-' = 1 (5.11) 

for some eo = ±1, where k = \Sm\ is the rank of the irreducible component of type C . Then 
the ideal I-p G T is invariant under the action ofTHt^u in the Noumi representation (15. 5p . 

Proof. Let f G Iv and x G wVq for some w G W+. The operators Ti, . . . ,T„_i have the 
same form as the operators Ti, . . . , T„_i of Section [3] in the case R = Cn, and the proof of 
invariance under their action follows by Proposition 13.51 

To prove the invariance under T„ note that if a„ ^ wSq then we have f{x) = f{snx) = 
and, hence, Tnf{x) = (see the proof of Proposition [3]5]). If £ ujSq then 1 — t„u„e~^" = 
or 1 + tnU~^e~'^" = hence T„/(a;) = 0. 

To prove the invariance under Tq suppose first that w6e = 9 for some ^. This is possible 
only if a„ G Sq and i = m since a„ G S^- In this case we obtain —ao{x) = {w9m, x) — h = 
h'^ — rjg — h = 2{k — l)?7i + rjn — h. Then the condition fl5.1ip implies that eoto^o''*^""''*''^'*^^ = ^ 
for some eo = ±1. Now T^f^x) = since to^oe"""^'^'-*''^ = 1 or toUQ^e~"°^^^^'^ = —1. In the 
case when w9i 7^ 6^ for all £ = 1, . . . , m the plane So{wVq) = sqHjj^wSq) is contained in V 
due to Lemma [5.11 and hence /(sqx) = 0. As in the proof of Proposition 13.101 it follows that 
To/(x) = for all x G wVq. □ 

Remark 5.1. The condition (15. lip can be rewritten in the form eotoWo" = e^"/^ where t]o G C 
is such that 2{k — l)?7i + rjn + rjo = h. Thus the number = 2{k — l)?7i + r/n + ^70 can 
be interpreted as a generalized Coxeter number for the affine root system C § of type 

Remark 5.2. Submodules in the polynomial representation of DAHA of type (C^, C„) were 
investigated by Kasatani [20] • In the case a„ ^ 5*0 the invariant ideals correspond to the 
Kasatani's submodules Im'^^ with r = 2 (see [201 Proposition 4.13]). In the case a„ G Sq, 
m = 1 the ideals Ix> correspond to the submodules V with r = 2 constructed in the paper [201 
Subsection 4.8], the conditions (15. lip correspond to the conditions (49), (50) of [20] with 
r = 2. 

Theorem 15.21 guarantees that the arguments of Subsection 14. ll remain valid in the (C^, C„) 
case. Thus we obtain the commutative algebra £H spanned by the operators M\, X G Q"^ , 
defined by the formula (14. 7p . 

To establish the integrability we use the method of Subsection 14.21 where the lattice P"^ 
is replaced by . Note that z/j = ei + 62 + . . . + Cj, = 1, . . . , n, form the basis of Q^. As 
before we denote J = {j = 1, . . . ,n \ aj ^ Sq} = {ji, . . . ,jn}, where n = dimPo- 

Theorem 5.3. The algebra 9i contains n algebraically independent elements, namely, the 
operators M_^^,^ , . . . , M_^^_ . 
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Indeed, the operators M\ in this case have the form f l2.30p with 
A/ ^ TT (l-taM„e"(^)/2)(l + t,M-V(^)/2) 

3 (^) = 11 Y^^) • 

If the function g~'^^ (x) is identically zero on Dq for some j G J then the function l—taUaC"^^'^^'^ 

identically zero on Vq for some a = [a*^^-*, a'-^^] G R-uj- It is possible 
only if a is a linear combination of the elements of 5*0 and hence {a^^\uj) = 0. From the 
definition of Rx it follows that {a^^\i'j) < 0, hence g~'^'\j,^ ^ 0, and the operators M_y.^ 
j G J, are algebraically independent (see the proof of Theorem 14.31 for details). 

The algebra Di contains the generalized Koornwinder operator. Let us introduce this 
operator explicitly. It acts on functions of two sets of variables xi, . . . ,xn^, Vi, ■ ■ ■ ,yN2 and 
it depends on six independent parameters: two shift parameters h, ^ and the parameters 
a, b, c, d. It is defined as 

MnuN2 = E ^) i^^T" - l) + Y^TT^ E ^) {V^'^ - ' (5.12) 

e = ±l E=±l 

where q = e'*''^, s = e^/^ and 

(a;, y) = Ylgif^Xi - Xj] s, l)g{exi + xj; s, 1) x 



N2 



X 



^1 - ae^^')(l - 6e^^0(l - ce^^')(l - de^^') 
(1 - g-2e2^^'«)(l - e2^^') 



(5.13) 



X 



y) = Waim - x,; q'/'s'/\ q'"s-"')g{ey, + x,; q"'s- 

(1 - aqs-^e'y'){l - 6gs-ie^^^)(l - cqs-^e'y'){l - dqs'^e^y') 

(l-s-2e2.»)(i_e2e?/^) ■ ( ■ 

For iV2 = this operator coincides with the Koornwinder operator (15.81) up to a constant 
and a factor (where a, 6, c, d, ^ are expressed through the parameters of DAHA 7hLt,u)- 
We note that this operator is invariant (up to a factor) under the involution 

Nl <(-)■ A^2, X ^ y, ^ ^ h, s ^ q, a i— )■ aqs^^, b (-)■ bqs^^, c (-)■ cgs^"*^, c? i— )■ dqs^^. 

(5.15) 
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Now we explain how this operator arises by the restriction of the Koornwinder operator 
M_ei. Consider first the case ^ 5*0. In this case we assume that all the subsets 5*^ coincide 
with fl4.22p and ti = e^^^'^. Then Ni = n — mk, N2 = m, h = krji, q = t'l- We introduce 
orthogonal coordinates Xi, . . . ,X]yj^, yi, . . . , i/n^ on the corresponding plane Vq by fl4.23p . 

Proposition 5.4. In the case an ^ 5'o we have M_ei = {totn)~^M.Ni,N2 + f^t, where M.Ni,N2 
the generalized Koornwinder operator fl5.12p with Ni = n — mk, N2 = m and the parameters 

s = ti, ^ = r]i, a = toUoq''^, 6 = -toMo c = t^Un, d = -t^u'^ 

satisfying the condition h/rji = k E Z^2- 

In the case a„ G Sq the subsets Si with £ = 1, . . . , m — 1 coincide with (14.221) and 

Sm = {c^n-k+l ~ ^ • • • ' ^ri-l — ^n, 2e„}, (5.16) 

where k = km = \Sm\; ti = e*^^/^, tntnU^n = e"'"''^. Then 

Ni = n-{m-l)k-k, N2 = m-1, (5.17) 

and the orthogonal coordinates Xi, . . . ,Xni, yi, ■ ■ ■ ,yN2 ojiVq are given by (I4.23P 

Proposition 5.5. In the case a„ e we have M_e^ = (to^n^i^) "'^-^Afi,Af2 + ^t, where 
M 

Ni,N2 the generalized Koornwinder operator (I5.12p with Ni, N2 given by (I5.17P and the 
parameters 

s = ti, ^ = r]i, a = entlt^^u'^"^, 6 = -e„t„M^'", c = eogtito = -g^^eotoMo 

where the condition (15. lip holds for k G Z^i, and if m > 1 then h/rji = k E Z^2- 

The propositions can be established by direct calculations. In both cases the obtained 
operators M_ei depend on six independent parameters. Namely, in the case ^ Sq we 
have five continuous parameters C,,a,b,c,d and one discrete parameter k (where h = kC,), 
and in the case an G 5*0 we have four continuous parameters ^,b,c,d and two discrete ones 
k,~k {h = ki, a = c-^e(^+i)«). 

Remark 5.3. The operator (15.120 generalizes the deformed rational Koornwinder opera- 
tor formula (94)]. Namely the latter can be obtained by the substitution Xi — x-Ju, 
yi yi/uj, i ^/uj, h -> h/uj, a = e"'/'^, b = -e^' 1"^ , c = e^'/'^, d = -e'^'/'^ to fl5T2|) and by 
taking the limit w — > 00. 

It follows from above that the operator Ai Ni,N2 comes together with the complete algebra 
of commuting difference operators. We specify these operators explicitly and establish com- 
mutativity (without extra integrality restriction for a combination of parameters). We start 
with the explicit formula for the higher Koornwinder operators obtained by van Diejen [30] : 

JlC{l,...,n}, |Ji|=r iGJi J2CJ1 ieJ2 
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where r = 1, . . . , n, 



(l-touoq ^z){l +toUf^^q ^2;)(1 - t„M„2;)(l + t„u„^z) 
- il-q-^z^)il-z^) ' ^^-^^^ 



Wft = J]^ 5f(eiXi + ejXj;ti, l)5f(eiXi + e^Xj-; g Hf ^)x 

».isJb\ ■■'[,+ 1 

JJ 5((eiXj + l)5((eiXj (5.20) 

ie-'i,\-'i)+i 

where 6 = 1,2, J3 = and q = e^/^. These operators commute with each other, and for 
r = 1 we have Hi = to^n(^-ei "~ i^t), where M_ei is the Koornwinder operator (15. 8p . 

Note that the operators have the form Hr = (7!lj^^(a;)r(— z/.^) + J2\>-ur ^ where 

Ur = ei + . . . + Cr and gx{x) are meromorphic functions such that gl^^^x) ^ 0. Hence the 
operators (I5.18P with r = 1, . . . ,n are algebraically independent (c.f. Subsection I2.2p . 

The operators Hr are l^-invariant. Since for generic parameters the centralizer of M^ei 
in the algebra of l^-invariant difference operators (with suitable coefficients) coincides with 
the algebra (see Theorem 3.15]) we obtain Hr G Dl. Hence Hr E for any values of 
the parameters, and the restrictions of the operators Hr onto the corresponding plane Vq 
can be defined and they commute with each other. 

Consider restriction of the operators (15.181) in the case a„. ^ 5*0. The structure of the 
functions (15.201) implies that if Ub is not zero on the plane Pq then Jb have the form 

Jb = \j^_^{Ni + ki - s \ ^ s ^ mj^ - 1 or k - mj^ ^ s ^ k - 1}, & = 1, 2, (5.21) 

where I2 C h C {l,...,A^i} and are non- negative integers such that ^ mf^, 
mj^ + m^^ ^ k and either or vanishes for each i. Moreover, the signs are given by 

'^^^^^-^ = [+1, 1 1 - It 7ul-i ■ ^^-^^^ 

We recall the coordinates xi, . . . , x^-^, Vi, ■ ■ ■ , defined by (14.231) on the plane Vq. 
Proposition 5.6. The restriction of the operator Hr takes the form 



/iC{l,...,Afi}, ieh ^=1 p=o 

ei=±l, ieh "-^^ 

\h\+T,f^i{mj^+mJ^)=r 



N2 
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where 



N2 



=1 P=m^i,+i 



N2 ™« 



n n ^7(0;gtr ™",^/^"") n ^7(e.a;. + e,x,;ti,l)f7(e,x, + e,a;,;g-4f-3,g-i) 



=1 p='n,:6+i '■'^'t,Y'+i 



^2 1 



E=±l £,e' = ±l 



iV2 , 



1=1 

e=±l 



e,E' = ±l 



/ , / -p-(2-fe)(l+m| ) p^{2-b)-ral \ 



n n 9{2eyf,qt^'-'',t7^'^n9{^ey,,t;''^^^^^^ (5-24) 

6 = 1, 2, /a = 0, m^g = and q = e''/^, h = e^^/^ 

Note that we do not impose the condition mj^ + m^^ ^ in the sum in (15.231) since the 
product IA1U2 vanishes if mj^ + ni'l^ > k, so the operators Hj. do not have exphcit dependence 
on k. 



Proof of Proposition 15. 6L The structure of the operator (15.231) follows from the formu- 
lae flCTj) . ([522]). Leti = Ni + ki-s e Jeb for some £ = 1, . . . , A^'s, s = 0, . . . , A; - 1, 6 = 1, 2. 
Then the formulae (I5.2ip . (I5.22p imply that on Vq one has exi = eyi + — p)f]i some 
p = 0, . . . ,mifj — 1 with e = e^. Hence the restriction of HjeJi G(e^'^') takes the form 

nG(e--0 n n Oiqi-'-'^e^y^). 
ie/i '!=i p=o 
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Consider the restriction of the first product in the expression fl5.20p which is taken over 
i,j G Jb\Jb+i- Its part corresponding to the case i < j ^ Ni is equal to 

JJ g{eiXi + ejXj; ti, l)g{eiXi + ejXj] q'Hf~^, q~^). 

i<j 

For i ^ Ni < j we obtain 

n n n 9{^iXi + eyi;qhr^,qh~^~^)g{eiXi + eye;q~h~^~''^^^~^,q-h^^~'') = 

e — ±1 ' 

N2 

g^eiXi^eyi.q^tl '''^\q^ti '')g{tiXi + ey,-q- H^' '\q-H^' 

(5.25) 

Here we used the formulae 

M M 
p=m p=m 

where m, M G Z are such that a, 2;gC (the second formula is used in the case 

6=1 only). If A^i < 2 < j then i = Ni + M - s and j = Ni + M' - s\ where 1 ^ £, f ^ N2, 
^ s, s' ^ A; - 1. If £ 7^ f then we obtain 



X 



e,e' = ±l 



S(e„ + eV;«r'""""'""'.*r'"""'"")). (5.26) 



while if £ = we derive the following two factors. The factor corresponding to = —ej = +1 
is equal to 



€-1 p=m+^_^^ P'=™«,6+i 



n n ^?(0;g^r™^-^g^r'"^"^)^?(0;^r"'^'^tr""^^'^"^). (5.27) 
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(In the case 6 = 2 both sides of the equahty fl5.27|l equal 1). The factor corresponding to 
ei = ej = e = ±1 is equal to 



N2 




n 


n 


e = ±l 




N2 




n 


n 




p=™U+i 



-l-bp-(2-b)mj-^ ^-2{2-b)-(3-fe)p-(b-l)m|2^ ^g) 



Now consider the restriction of the second product in the expression fl5.20p which is taken 
over i G Jb\Jb+i, j ^ Jb- If 1 ^ "^7 j ^ Ni we obtain 



Y\ g{eiXi + Xj] ti, l)g{eiXi - xj] h, 1). 

For j ^ Ni < i we obtain 



N2 Ni 

n n aim + e'xr, q^it'^^^\q^it'^'" 



1=1 i=l 

If z ^ A^i < J then exj = eye + — pjrji with p = m^^, . . . , k — 1 — m^^ for any e = ±1 (it 
follows from j ^ J^), so we obtain 

n n 9{^i^t + ^yhq^tl'^^q^h^'"^) = W g{eiX^ + eye;qhl~"''\q-hl^"'''). 

£ = ±1 ^6 e = ±l 

(5.29) 

If A^i < i < j theni = Ni + M-s and j = A^i + A;f-s', where 1 ^ £J' ^ N2,0 ^ s,s' ^ A;-l. 
In the case i i' we obtain 

n n n ^7(ei/. + eV;gtr"-^',gtr^-^-^') = 

e,f' = ±l 



n n (5.30) 

1 p=mj 
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and for £ = we derive 

n n n 9{m + eyt,qt7-'\qh'-'-'') = 

n n 9{^:qt7-'^^\t-r'^^') n n ^?(26i/,;gtr"^",tr"^"), (5.31) 

(the first factor in the right hand side corresponds to e' = — e and the second one corresponds 
to e' = e). By combining the factors f l5.27p . f l5.28p and f l5.3ip we obtain the beginning and 
ending of the formula (15.241) . Then combining (I5.26P and the factors of (I5.30p with I < V 
we obtain the corresponding factors of (15.241) . By combining (15.251) with (I5.29P and taking 
into account all the remaining factors we obtain the formula (I5.24p . □ 
For r = 1 we obtain the generalized Koornwinder operator Hx = Mni,N2 with the 
parameters as in Proposition 15. 4^ so we get a collection of operators commuting with the 
operator (I5.12p . Note that ii h = t]i the operators Hr coincide with the specialization of Hr 
for n = Ni + N2. Thus we obtain the following theorem. 

Theorem 5.7. For any values of the parameters h, rji, tg, tn, Uq, Un {uq, Un 7^ 0) the operators 
Hr given by the formulae (I5.23p ■ (I5.24p . r G Z>o, pairwise commute. The operators Hr with 
r = 1, . . . , Ni + N2 are algebraically independent at generic values of the parameters. 



6 The case of DAHA of type 

Let = {a^ | a G R} C V, where R is an irreducible reduced root system in C V = C" 
with set of simple roots A = {ai, . . . , We have R^ R only for R = Bn, Cn, and 
G2, but we will consider the general R. 

Let W, W, n, O be the same as in Section [2] and let t: R"^ — )■ C\{0} be a ly-invariant 
function. Put ti = t«v = t{a^) and = {/i = [/i^^), | /i^^) G P^, fi^^'> G ^Z} C V, 

where eo G Z is such that (P^,P^) C e^^Z. Then P^ is a sub lattice of P^. The associated 
DAHA is defined as follows. 

Definition 6.1. (f^, J^) Double Affine Hecke Algebra of type R^ is the algebra TUf^ 
generated by the elements Tq, Ti, . . . , T„, by the set of pairwise commuting elements {X^j^^p 

and by the group 11 = {tt,,. | r G with the relations (12.41) - (12.80 . (12. lip (with P^ instead of 
P) and 

Tr^X^Tr^ = X^-"^, if(/i,a,) = l, G P^; (6.1) 

T,X^ = X^T,, if(/i,a,) = 0, fieP^; (6.2) 

where i = 0, 1, . . . , n. 
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Consider the space T = C°°(yY'"^'^ of smooth functions / such that f{x + 2Tciaj) = f{x) 
Vj = 1, . . . , n. The representation of DAHA in this space is defined by the formulae 

= e'' , 7lr = T^r, Ti = ^V(^ + ' ^_ g_aV(^) Si, (6.3) 

where /x G P"^, r G C, i = 0, 1, . . . , n, so 

Tifix) = Uf{x) + (tri - t,e-<(^))^(x) (6.4) 

where / G and ^(x) = f^^^^l'^'^^^ g 

Let m\{Y) be the elements f l2.2ip of Ttif^ in the representation fl6.3p . where y'*' are 
defined by the formulae f l2.12p . fl2.14p . Their restrictions to are difference operators 
M\ = Res (mx{Y)) spanning the commutative algebra 9^. The algebra 9^ is generated 
by the algebraically independent operators M_b^ , • • • , , where bi are the fundamental 
coweights for R. This is the Macdonald-Ruijsenaars system corresponding to the affine root 
system i?^. In particular, it always contains the Macdonald operator 

E ( n °;i„v.., :[^" ) ° ,.,,-„.v,v„, : ° (r(w - o + . (6.5) 

(a,i/)>0 

Let 5*0 C A and let rj : R}^ — )■ C be a VT-invariant function (it is sufficient to define it on 
the subsystem C R^). Define the corresponding ideal /x) C J-" as follows 

W+ = {w \wSqC. R+} C W, (6.6) 
Vo = H{{S^y) ={xeV\ {a\x) = G So}, (6.7) 

V = W+Vo, /^ = {/G J-|/(a;)=0,VxGP}. (6.8) 

Let Rq = U^i -^^ ^0 = [JkLi be the decompositions into irreducible components, 
where -Rq = {So) H R. Let 9e G Re be the maximal root with respect to the basis Sg. 
Let 5"^ = {aj | j = 1, . . . , ke}, 9e = Xljii'^j'^j Vj = V{a^^y- Define the corresponding 
generalized Coxeter numbers as 

Theorem 6.1. Suppose the subset So C A and the invariant functions ri,t satisfy = h 
for all i = 1, . . . ,m and t^v = e^°''^ for all a E R. Then the ideal I-v C ^ is invariant under 
the action of Ttif^ ■ 

Proof. First we define the ly-invariant function : i? — )■ C by the formula r]'^ = -^^^t^qV . 
Note that one can represent (16.71) as 

Vo = H^iSo) = {xeV\ia,x) = vl^a G So}, (6.10) 
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By virtue of (16.101) the ideal (16.81) for the function rj : i?^ — > C coincides with the ideal (I3.12p 
for the function r]', moreover the conditions = h are equivalent to h^^i = h where h^^, is 
the generalized Coxeter number for the function rj'. Hence the invariance under the action 
of TTr follows from Proposition 13.71 

Let f & I'D and x G wDq for some w G Wj^. Consider first the invariance under Tj with 
i = 1, . . . , n. In the case G wSq it follows from f{x) = and {t~^ — tjC""' '^^^) = 0. In the 
case ttj ^ wSq we have f{x) = f{six) = and the plane wVq = Hr^'{wSo) does not lie in any 
plane H{[a^ , 2iiik]) = H{[ai, nik{ai, ai)]) due to Lemma 13^ (see the proof of Proposition [3751 
for detail). 

Consider now the invariance under Tq. If w6i = 9 for some i then ot^{x) = rjgv and 
t^^ - toe-^oi^) = 0; so that To/(x) = 0. If wOe for all £ = 1, . . . , m then the plane 
sqVo = soHr^/{wSo) contains in V due to Lemma 13^ and the condition /i^, = h. Hence 
f{x) = f{sox) = and T^f^x) = for x G wVq such that e"o*^^) ^ 1. Thus we are left to 
prove that wVq = i/^/(wS'o) does not lie in the affine hyperplane H{aQ + [0, 2nik]) = H{aQ + 
[0, nik{9, 9)]). This is done in the same way as in the proof of Proposition 13. 101 □ 

Let M\ be the restriction of the difference operator M\ to the plane defined as 
in Subsection 14.11 Repeating the reasoning of Subsections 14.11 and 14.21 we conclude that 
the operators Mx span the commutative algebra 91 containing n = dimDo algebraically 
independent elements. This is the generalized Macdonald-Ruijsenaars system for the 
case. 

7 Concluding remarks 

We considered submodules in the polynomial representation of DAHA given by vanishing 
conditions and derived the corresponding generalized Macdonald-Ruijsenaars operators and 
their quantum integrals acting in the quotient module. In some particular cases the eigen- 
functions of these operators can be given by Baker- Akhiezer functions ([7], [9], [11]) but 
more generally the understanding of eigenfunctions is a major challenge in the area. It 
follows from our construction that the restriction of a Weyl invariant eigenfunction of the 
higher Macdonald operators Mx onto the plane is an eigenfunction of the corresponding 
operators Mx- However the question of finding the solutions is non-trivial as the special- 
izations of the parameters so that the ideals Ix> are invariant are such that the Macdonald 
polynomials do not exist in general at these specializations. We also note that more gener- 
ally, the non-symmetric generalized eigenfunctions for the Cherednik-Dunkl operators at the 
special parameters are studied in [21]. Further comparison with [2T] may be important for 
extracting the information on the eigenfunctions of the operators Mx- At generic values of 
the parameters for the restricted operators the eigenfunctions might have different structure 
and description. Thus in type A a complete set of eigenfunctions (so called super Macdonald 
polynomials) is constructed in pTOJ at generic t], h, these polynomials are symmetric in each 
set of variables Xi, yj and span a subspace in the space of functions of Xi,yj with simple 
description. 

Another important question is on the composition series of the polynomial representation. 
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In the case of R = An it is given in terms of the ideals defined by vanishing ("wheel") 
conditions ([IH], [22]). It would be interesting to see if the ideals /-p can be used to define the 
composition factors in some other cases. Further, the vanishing conditions of the submodules 
in the polynomial representation for the rational Cherednik algebras were helpful to establish 
unitarity of certain submodules [32]. It would be interesting to see if analogous approach 
can be applied for the case of DAHA. 



A Other affine root systems 

The Macdonald-Ruijsenaars systems and their generalized versions can be defined starting 
from a general affine root system. The cases of affine root systems not considered in the main 
part of the paper lead to particular cases of the operators Mx from Section O Nevertheless 
we present these cases for completeness. ^ ^ 

Let S C be an irreducible affine root system [25l [2] and let W = W(E)) be the 
group generated by {s^ | a G §} - affine Weyl group for the affine root system S. Let 
-^1 = {o-Oi fli, . . . , ctn} be a basis of § and let 

ai if 2ai ^ § _ _ 

^j,, A2 = {ao,ai,...,a„}. (A.l) 

/Oj if Mi G s 

The sets §1 = {a G § | «/2 ^ §} and §2 = £ § I 2« ^ S} are reduced affine root 
subsystems in V and Ai and A2 are bases of §1 and §2 respectively. The group W is 
generated by the afjine simple reflections Si = Sq- = Sa-. 

Let t: S2 ^ C\{0} and u: S2 C\{0} be l^-invariant functions such that Ua = u{a) = 1 
for all a G §1 n§2. Let ti = ta^, Ui = Uai, i = 0,1, ... , n. The functions t and u are completely 
determined by these values and the restriction condition on u can be reformulated as -Uj = 1 
if tti = cii. Consider the operators 

T, = t, + t;'^ '-^ ^ - 1)' t = 0,l,...,n. (A.2) 

These operators preserve the space J-" C C°°(y) of smooth functions /(x) on V such that 



n. 



f(x) = f{x + 2m{ay>Y) for all j = 0, 1, . . . 

Proposition A.l. The operators (1A.2I) satisfy the affine Hecke algebra relations (12. 6p and 
(12. 7p where rriij is the order of the element SiSj G W . 

The Proposition follows from the established cases § = {C^, Cn) and S = i? where R is 
a reduced root system. 

Now consider the affine root systems not covered in the previous sections. These are 
§ = {Bn,B^), BCn, {BCn,Cn) and {C^, BCn). In the above notations we have §1 = i?„,, 
§2 = B'n for § = {Bn,B^), §1 = §2 = BC'n for § = fiC^; §1 = 'BC'n, §2 = for § = 

{BCn,Cn)', Si = Cn , §2 = BCn for § = {C^, BCn)- Wc cousidcr the standard realizations 
of these affine root systems, so in particular, § D D„ = {itcj ± Cj | 1 ^ 1 < j ^ n}. 
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Define the lattice Ly = 



Q 



, where 



lattice for R = B„, the coroot lattice for R 



and P^^ are the coweight 
Cn and the coweight lattice for R = Dn 



respectively. Let ^ be the aQine Hecke algebra generated by the operators = T| with 
w E W t< t{Ly) defined by the formulae f l2.12p . f lA.2p . So we consider 'extended' afiine 
Hecke algebra for § = (_B„, B^) and 'non-extended' for other cases as the group W x t{Ly) 
is the extended affine Weyl group W = Ilt<W(S) for § = B^) and it is the usual affine 
Weyl group W = W{Ei) for other §. We will also consider the 'non-extended' affine Hecke 

algebras H^^ for § = and C„ , where Ly is as above. The Cherednik-Dunkl operators 
Y'^ = Yg, \ E Ly, are defined by the formula Y^~'^ = 

These operators form the commutative subalgebra C[yg^^] C H,^ 

The elements mx{Y) = Yluewx preserve the space of invariants J-"^ , their restrictions 
Mx = mx\j^y^, form commutative algebra 9^"^^ of difference operators. The simplest operators 
in this algebra has the form 



'^r{fi)T^(l), where /i, z/ e P_)^ fl Ly. 

Ly 



Ty^^ ^9 "{w ^x) (t{-wu) - l) + const, 



(A.3) 



where u is a minuscule coweight br or v = 9"^ , and 

(1 - t„U„e"(^)/2)(^x ^ ^^^-lga(x)/2) 



n 



(A.4) 



where §2(— = §2 (''"(~'^)^2^)) '^2 = = G §2 | > whenever aj(x) > Vz = 
0,1,. ..,n}. 

The following diagram explains how one gets the subalgebras CfFg ^] C H^^ by spe- 
cializing the parameters starting from the subalgebra generated by the Cherednik-Dunkl 
operators in the (C^,C„) DAHA. We also include in the diagram the affine Hecke algebras 
parts of DAHA of R and P^ type where R = Bn, Dn- 




uo=to=l (C^, BCn) 
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The double arrows in the diagram mean the isomorphism of the corresponding Cherednik- 
Dunkl subalgebras under the speciahzation and the single arrows mean the embedding of 
these subalgebras. The parameters to,tn,uo,Un are the parameters of the operators flA.2l) 
for S = {C^,Cn)- The validity of these isomorphisms essentially follows from the following 
two lemmas. 

Lemma A. 2. If to = Uq = 1 then the affine Hecke algebra -ff^^v c ) coincides with the affine 
Hecke algebra H^^ gyy More exactly, under the specialization the generators correspond as 

where i = l,...,n, and the Cherednik-Dunkl operators correspond as ^(^v ) = ^(b bv), 

VA G Ly. 

Proof. The affine Hecke algebra H^c-. ^c^-^ is generated by T^c^'^"\Tf^'^"\ . . . ,Tl^^^'^^^ 
while the algebra H^j^^^^j^ is generated by tt[^"'^'^\t^^"''^''\ . . . ,Tn^"''^"\ The operators 
rp(Cn,Cn) rp{Bn,B„) (.^jj^pj^g f^j, each i = 1 , . . . , ?T, (at any parameters) so denote them by 
Tj. The operator T^'-^"''^"^ at the specialization of parameters becomes Sq'""'*^"'' = r(ei)sei = 

(B B^ ] \ \ 

nl Thus we are left to prove the formula Yf^^ c„) = ^{b„b'^) ^^^^ specialization. 

It is enough to check this formula for X = Ci, i = 1, . . . ,n. From the definition one yields 
^(cv,c„) = To^^-'^-^tI";"'^") and l^g^^^v) = vrf-'^'-^Tii^"'''"). Then for ^ = 2,...,n the 
equality F^^v Cr,) ~ b^) follows by induction from the formula Y^^ = T^^\Y^''^T~_\ valid 
for both § =\c:^, Cn) and § = 5^^). □ 

Consider now S = n ^ 2. The simple roots of Dn are = Cj — Cj+i for i = 1, . . . ,n — l 
and an = e„_i + e„. Denote by vr^", T^^" the corresponding elements of the algebra H?^ 
where r G (9 = {0, 1, n — 1, n}, i = 0, 1, . . . , n. 

Note that if = 1 then the affine Hecke algebra in the representation f l2.18p 

coincides with the affine Hecke algebra H^\/ in the representation (16. 3p . Indeed, the algebras 

Bn 

, HH^v have the only different generator T„ which becomes — Sg^^ at — 1. Since the 

Bn Bn 

corresponding operators 7ri,Tj of the algebras and if^Lv coincide at this specialization 

Bn Bn 

we denote them by 7rf", Tf" where 2 = 0, . . . , n. 
Lemma A. 3. At the specialization t„ = 1 one has 

= = ^k 

for all A G Ly ■ That is the corresponding algebras are embedded at this specialization: 
C[Yf] = C[Yf](lC[Yf]. 

Proof. Note first that the operators Tf" and T^^" coincide for i = 1, ... ,n — 1 (at any 
parameters) and we denote them by Tj. Since T^" = Se„ (at the specialization tn = 1) we 
obtain 



f" = r(ei)s,,Se„ = vrf-Ti^", T^- = s^T^-iSn = {T^-r'T„_^T^- . (A.7) 
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Comparing the expressions 

Y^l = vrf "Ti ■ ■ ■ r„„2T„_ir„^"T„_i ■ ■ ■ Ti, (A.8) 
Y^l = Trf "Ti • • ■ r„^2T„^"T„_i ■ ■ ■ Ti (A.9) 

we derive Y^^ = Y^\. Due to the formula Y^' = Tr\Y^'-^Tr\ vahd for both R = and 
R = Dn we estabhsh the equahty (1A.6I) for all A = Cj, where i = 1, . . . ,n, and, hence, for all 

A G Ly. □ 

It follows that the operators Mx for the affine root system S coincide with the operators 
Mx from Section O at the corresponding specialization. In particular the specializations of 
the Koornwinder operator flS.Sp give the operators M_ei determined by flA.3l) . The spe- 
cializations of the generalized Koornwinder operator fl5.12p give the generalized Macdonald- 
Ruijsenaars operators M.g^ for the affine root system §. Each specialization of the operators 
Mx from Section Ogives commutative algebra containing the operator M_g-^. These algebras 

were constructed in Sections HI [6] for S = Bn,Dn,Bn ■ For other cases the invariant ideals 
and these operators can also be defined using the specialization of the invariant ideals for 

For example consider the case § = {Bn,B^), so S2 = Bn ■ Let rj: B^ — )• C be a W- 
invariant function and let Sq be a subset of the set of simple roots of Define the ideal 
by the formulae fl6.7l) and fl6.8l) . Let 5*0 = U^i t)e the decomposition to the irreducible 
components Si,...,Sm C Sq. Let h^^ be the corresponding generalized Coxeter number 
defined by fl6.9p . Let be the space defined in Subsection for R = Bn- Then the following 
statement takes place. 

Theorem A. 4. Suppose that t\ = e^^ if n > 1, entnU^n — e''"/^ for some e„ = ±1 and 
hf^ = h for all i = l,...,m. Then the ideal It> <Z is invariant under the actions of 
the operators (1A.2P and tti. The corresponding generalized Macdonald-Ruijsenaars operator 
M_ei can be obtained by the specialization of the parameters in the generalized Koornwinder 
operator (15.121) . 
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